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In order to verify the functional correctness of quantum circuits or algorithms, a promi-
nent approach is to specify them as quantum programs and semi-automatically deduce
them in a theorem prover. It is indispensable to first formalize the semantics of the basic
quantum language. We formalize in Coq an imperative language which allows for clas-
sical and quantum information interactions. We define small-step operational semantics
and state-based denotational semantics. Then we prove a consistency theorem between
these two semantics. A distribution-based denotational semantics is also defined and
related to the state-based one. Finally, we describe a few typical quantum algorithms
and utilize the distribution-based denotational semantics to verify their correctness.

Keywords: Quantum programming language; operational semantics; denotational se-
mantics; theorem prover; Coq.

1. Introduction

In 1980, Benioff!' invented the concept of quantum computation. Since then, many
quantum algorithms, e.g., Shor’s factorization algorithm/? have been put forward
to handle some classical problems more efficiently. However, the quantum charac-
teristics that give rise to these advantages, like superposition and entanglement,
also make quantum computation complex and uncertain. The design of quantum
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algorithms is known to be tricky. It is also very difficult to check the correctness
of quantum algorithms by executing or simulating quantum programs. Recently,
there is increasing interest in reasoning about quantum programs and analyzing
quantum algorithms by formal verification methods.

The most well-known formal verification means are model checking as well as
theorem proving. Many model checking techniques concerned with quantum com-
putation have flourished in the past twenty years. The primary work mostly aimed
at analyzing quantum communication protocols and quantum error correction 51

12131 were also investigated to verify some linear-time prop-

1415 T6HIR

Quantum automata
erties such as reachability: In particular, there exist some recent works
about circuit simulators based on the quantum-dot cellular automatal® Model
checking techniques for other models like quantum Markov decision processes<¥28
were widely studied. During the last decade, theorem proving techniques related to
quantum computation have also drawn a lot of attention, which will be considered
detailedly in Sec.

Programming languages are a bridge for the interactions between human beings
and computers. Similarly, quantum programming languages are a key element for
exploiting quantum computation. In this work, we embed in Coq?? a programming
language with classical and quantum constructs. The semantic theory of this lan-
guage has been investigated before 2031
Coq is one of the mainstream theorem provers, and its inductive proof technique

where case studies are conducted manually.

helps us to analyze certain algorithms whose state spaces may not be bounded, e.g.,
the Deutsch—Jozsa algorithm family.

Contributions of this paper

(i) We formalize the syntax, small-step operational semantics and state-based de-
notational semantics of a classical-quantum imperative language. Additionally,
we prove the consistency of these two semantics.

(ii) We lift the denotational semantics from states to distributions and associate
the latter with the former. Furthermore, we describe a few typical quantum
algorithms and utilize the distribution-based denotational semantics to verify
their correctness.

Organization of this paper

In Sec. @ we recall several fundamental notions concerned with linear algebra as
well as quantum theory. In Sec. Bl we formalize the syntax, operational and deno-
tational semantics of a classical-quantum imperative language and establish some
relationships between them. In Sec. @, we describe some practical quantum algo-
rithms and verify their correctness. In Sec. B, we compare with related work. We
summarize the contributions of this paper in Sec.

The Coq code of this work is downloadable at https://github.com/Vickyswj/
QIMP.
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2. Basics of Quantum Computation

We briefly review several fundamental concepts related to linear algebra and quan-
tum mechanics. To learn additional knowledge, we recommend the textbook written
by Nielsen and Chuang />

2.1. Linear algebra

The linear algebra associated with quantum computation mainly includes the
Hilbert space and some linear operators.
In a vector space V, the inner product is a mapping

(]Y:VxV=C
such that for any vectors |v), |w;) € V, these three properties are satisfied:

o (v|w) = (w]|v)*;
o (0|32 cilwi) =3, ci(v|w);

(v]|v) > 0 and the equality holds if |v) = 0,

where C is the complex number set, and for every complex number ¢ € C, ¢*
represents the complex conjugate of c. A Hilbert space H is a complex vector space
with an inner product. Two vectors |v) and |w) are orthogonal if the inner product
of them equals 0, i.e., (v|w) = 0. The norm of any vector |v) is

o)l = v/ {v|v). (1)

A vector |v) is normalized if and only if the norm of it equals 1, i.e., |||v)|| = 1. An
orthonormal basis of a Hilbert space H is a basis {|i)} where every |i) is normalized
and each pair of them is orthogonal.

Between two vector spaces V' and W, a linear operator is a mapping A : V' — W,
such that for any vectors |v;) and scalars a; the following condition is satisfied:

A <Z ai|vi>> = Z ai Alv;). (2)

When the vector space V equals W, the linear operator A is defined on the vector
space V. If £(H) is the linear operator set on H, for an operator A € L(H),

A is the identity operator, if Ajv) = |v) with any vector |v) € H, denoted by Iy;
A is the zero operator, if Alv) = 0 with any vector |v) € H, denoted by Ox;

A is a Hermitian operator or Hermitian, if At = A;

A is a projector, if A? = A,

A is a normal operator, if ATA = AAT:

A is a unitary operator, if ATA = AAT = I;

A is a positive operator, if (v|A|v) > 0 with any vector |v) € H.
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Normal operators have a well-known property called spectral decomposition,
which indicates that any normal operator on £(H) is diagonalizable with an or-
thonormal basis for H. In other words, a normal operator A € L(H) satisfies

A= ZAi|i><z'|, (3)

where the set {|i)} forms an orthonormal basis of H, the set {\;} includes the
eigenvalues of A and |i)(i| is the projector associated with the relevant eigenspace
of A\;. The trace of A is written as tr(A) with tr(A) = >, (| Ai), where the set {|i)}
forms an orthonormal basis of H. The trace operation is linear and cyclic.

For two Hilbert spaces H; and Ha, and any two vectors |v) € Hy and |w) € Ha,
the tensor product Hy ® Hso is a vector space made up of linear combinations of
these vectors |v) ® |w), abbreviated as [vw). Hi ® H2 is a Hilbert space and the
inner product of this Hilbert space satisfies that for any vectors |v1), |vs) € H; and
|wi), lw2) € Ha,

(v1 ® wilve @ w2) = (v1]v2)a, (Wi|wa)a, . (4)

For any A € L(H1) and B € L(H2), a linear operator A® B € L(H1 ® Hs) satisfies
that for any vectors ) € H; and |¢) € Ha,

(A® B)ly) = Aly) @ Blg). (5)

2.2. Quantum mechanics

An isolated quantum system is related to a Hilbert space named the state space of
this system. The simplest quantum system is a two-dimensional state space, namely
qubit. Let |0) and |1) be an orthogonal basis set of the state space, any state in this
state space is represented by the linear combination |¢)) = «|0) + B|1), with two
complex numbers « and J3 satisfying |a|? + |3|> = 1. A pure state of any quantum
system can be expressed as a normalized vector of that system state space. A mized
state of any quantum system is expressed as an ensemble {(p;, |¢;))}, with pure
states |¢;) and the corresponding probability values p;. The density operator of the
quantum system is a positive linear operator, which is denoted by p = . pi[¢:) (i,
with tr(p) = 1. Mixed states can be described by density operators. The state space
of any composite physical system is the tensor product of some state spaces of its
components. The simplest example is an entangled state |¥) = \%(|OO> + [11)),
called EPR state. Entanglement is a crucial aspect related to quantum computation
that is unique in the quantum realm.

The evolution of any closed quantum system is expressed as a unitary trans-
formation. If the quantum system has state |¢) at time ¢ and state |¢’) at time
t', for some unitary operator U, we have |¢') = U|¢). Unitary operators can be
conveniently understood in the form of their matrix representations. Under ma-
trix multiplication of a m X n complex unitary matrix U, the unitary operator is
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regarded as a mapping of type C® — C™. Since any unitary operator U satisfies
UU' = I, the unitary transformation of a quantum state is reversible, i.e.,

U'U|¢) = I¢) = |9). (6)

A common model for quantum computation is quantum circuit, which is a unit
that converts the initial state into the final state through some quantum operations.
Quantum operations are described by using quantum gates. Depending on the num-
ber of involved qubits, quantum gates are classified as single-qubit or multi-qubit
gates. Taking the Hadamard gate as an example, this single-qubit gate transforms
the initial state |0) into |+) and |1) into |—). The most well-known multi-qubit
gates are double-qubit gates. Taking the controlled-NOT gate as an example, if the
control qubit is |0), it acts as the identity operator; otherwise, the gate performs
bit flipping on the target qubit, converting the initial state |0) into |1) and |1) into
|0). The matrix representations of Pauli gates I», X,Y, Z, Hadamard gate H, and
controlled-NOT gate C X are shown as follows:

10 0 1 0 —1 1 0
I: X: = =
o) =G =0 ) =6 )

100 0
1 /1 1 0100

H=— CX =
\/§<1—1)’ 0001
0010

A quantum measurement is expressed as a set of measurement operators {Mm}7
with each index m corresponding to each measurement outcome. The measurement
operators have the completeness equation Y., M}, M,, = I. If a quantum system
has state |¢), after measurement, the probability of obtaining each outcome m is

p(m) = (¢| M), My, |¢) (7)

M”"‘@). If the quantum system has mixed state p; at time
m

and the output state is

t; and state po at time to, after applying the unitary transformation U, we have
p2 = Up UT. If a quantum system has a mixed state p, after the measurement
{M,,}, the probability of obtaining each outcome m is

p(m) = te(M], Minp) (8)

Mo pM],

and the output state is
p(m)

3. Classical-Quantum Imperative Language

We formalize the syntax, operational and denotational semantics of a classical-
quantum imperative language. The classical part of the language is commonly
used.?? including skip statements, classical assignment statements, conditional
branch statements, and while-loop statements. The quantum part of the language
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is based on similar constructs in the literature3* including quantum unitary trans-
formation and quantum measurement. Since a quantum measurement produces a
probability distribution of states, we add branching information to distinguish dif-
ferent reachable states. With this information, we can also prove the consistency
of these two semantics. In order to describe classical-quantum programs more intu-
itively, we propose a distribution-based denotational semantics and relate it to the
state-based denotational semantics.

3.1. Classical-quantum states

Besides the classical data types Bool for booleans and Int for integer numbers,
we assume an additional type Qbt for qubits. We assume type Cvar for classical
variables, written as lower-case letters, e.g., x and y. To generate them automatically
in Coq, we let them be indexed by natural numbers. We assume type Qvar for
quantum variables. We can also think of them as a quantum register g, indexing
each qubit with a natural number, so quantum variables are written as q1, qo, - - . , qn,
with n being the number of involved qubits.* Even if Cvar and Qvar are countably
infinite, any given program only mentions a finite number of variables.

A machine state contains the whole variable values at a certain time during
program execution. Because the execution of a classical-quantum program involves
classical and quantum information, we associate a program with two registers: one
to store classical information and the other to store quantum information. Thus,
we define the machine state as a pair (o, p), with a classical state o as well as
a quantum one p. A classical state is a mapping ¢ : Cvar — Z from classical
variables to integer numbers. The classical state can be updated by changing the
integer value corresponding to the classical variable. We use o[n/x] to stand for
updating a classical state, which should satisfy

oly) if y#uz,
= 9
alnfal() = {70 LVEE 0
For every quantum variable ¢ € Qvar, we define the ¢-system state space as a
two-dimensional Hilbert space H,. With V' C Qvar, we specify

HV = ®q€Van (10)

which is the tensor product of the state spaces associated with the quantum vari-
ables in V. Partial density operators of the space Hy are considered as quantum
states collected in the set D(Hy). So we use a specific matrix to formalize a quan-
tum state in Coq, and the default value for each quantum state is the zero state
[0)®7(0|®" with n being the number of involved qubits. When applying any quan-
tum operator on a quantum state, we change the entire matrix to update this
quantum state.

aTo simplify the data structure in Coq, we omit ¢ and directly use the corresponding natural
number index to represent each qubit to be manipulated.
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According to the above discussion, it is easy to formally define in Coq the types
of classical states CState, quantum states QState and machine states State.

Parameter mn: nat.
Definition CState : Type :
Definition QState : Type :

Cvar -> Z.
Square (2°n).

Definition State := (CState * QState)’type.

The default values of states are as follows:

Definition empty_CState : CState := (fun _ => 0%Z).
Definition empty_QState : QState := Qint.
Definition empty_State : State := (empty_CState, empty_QState).

We now define the update operations for classical states update_CState, quantum
states update_QState and machine states update_State.

Definition update_CState (cst : CState) (x0 : Cvar)(z : Z) : CState :=
(fun x1 => if eqdec x0 x1 then z else cst x1).

Definition update_QState (gst : QState) (U : Square (2°n)) : QState :=

suop U gst.
Notation "x ’!->’ v ’,’ cst" := (update_CState cst x v).
Notation " U ’#’ gst " := (update_QState gst U).

Definition update_State
(st : State) (x : Cvar) (z : Z) (U : Square (2°n)) : State :=
((x '-> =z, (fst st)) , (U # (snd st)))

In the definition of update_QState, the function suop is a super-operator that
manipulates linear operators.

Definition suop (U : Matrix e f) : Matrix e e -> Matrix f f :=
fun p => U X p X Uf.

3.2. Syntax

We first consider the syntax of arithmetic and boolean expressions. Since only classi-
cal variables are involved here, their syntax is similar to that in classical imperative
languages. Arithmetic expressions can be integers, classical variables, or expres-
sions constructed by applying arithmetic operators to other arithmetic expressions.
Boolean expressions can be boolean values, relational expressions, and expressions
constructed by applying boolean operators to other boolean expressions. We as-
sume type Aexp for arithmetic expressions, denoted by a,a’,... and type Bexp
for boolean expressions, denoted by b,0',.... The construction rules of these two
kinds of expressions can be described by the following syntax:

e For Aexp: a:=n|z|a+a |a—d|axd.
e For Bexp: b::=true|false|a =a'|a <d'|-b|bAY.
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In Coq, we define Aexp by Z, Cvar and arithmetic operators +, —, X, and define
Bexp by the basic boolean values true, false and boolean operators —, A. Espe-
cially, for any a,a’ € Aexp, the relational expressions a = a’ and a < o’ are also
boolean expressions.

Then we consider the syntax of commands. Commands are similar to those
in classical imperative languages and can be skip statements, classical assignment
statements, conditional branch statements, or while-loop statements. Additionally,
there are two commands involving quantum data.” One is the quantum unitary
transformation statement U[g], which represents the operation of applying unitary
operator U on the quantum system g. The other is the quantum measurement
statement = := M][g|], which represents the operation of performing a quantum
measurement with a measurement operator M on g and assigning the measurement
result to the classical variable . We assume type Com for commands, denoted by
¢,c,.... The construction rules of commands can be described by the following
syntax.

e For Com: ¢ ::= Skip | x := a|c; ¢ | If b then c else ¢
While b do ¢ | U[q] | = := M[q]

The first five commands are commonly found in classical languages and we will
not explain them in detail. In Coq, the unitary operator U should be defined by the
users. For convenience, we only consider single-qubit operators and double-qubit
controlled operators.® We need to specify the indices of qubits where the unitary
transformation is applied and give in matrix form the associated unitary operator.
In addition, we only consider projective measurements and measure one qubit at
a time. We need to provide the index of the qubit to be measured and a classical
variable to store the corresponding measurement outcome. Below is the definition
of commands in Coq.

Inductive com : Type :=
| CQSkip
| CQAss (x: Cvar) (a : aexp)
| CQSeq (cO cl : com)
| CQIf (b : bexp) (cO cl : com)
| cQwhile (b : bexp) (c : com)
| Unit_SG (U : Matrix 2 2) (q : Qvar)
| Unit_ DB (U : Matrix 2 2) (q p : Qvar)
| Meas (x: Cvar) (q : Qvar).

bSince we define the default value of a quantum state as the zero state, the quantum initialization

command can be omitted.
¢Single-qubit operators and the double-qubit Controlled-NOT operator are sufficient to simulate

arbitrary quantum unitary transformation 32
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3.3. Small-step operational semantics

Small-step operational semantics defines program execution step by step. A triple
(e, 0, p), with an expression e and a state (o, p), is referred to as an expression
configuration. By utilizing an evaluation relation < between expression configura-
tions, we use a syntax-oriented way to design the small-step operational semantics
of expressions. The evaluation rules about integer variables, arithmetic expressions
for multiplication operations, and boolean expressions in the form of ag = a1 are
shown in Fig. [l The evaluation rules about other expressions are analogous. We
only use the classical state to evaluate expressions, therefore the quantum state in
the configuration can be ignored.

We define transitions between command configurations (¢, o, p) for command
execution, with a command ¢ and a state (o, p). Since quantum measurements entail

probability distributions of states, we write L for the transition relation, where the
label [ is a sequence of natural numbers to distinguish different reachable states.
The transition rules about the small-step operational semantics are displayed in
Fig. Bl The particular command Nil represents the normal program termination.
The execution of a While command is defined in terms of a conditional command.

If the behavior of a command is deterministic, e.g., that of the Skip statement,
classical assignments and quantum unitary transformations, the transitions between
command configurations must be unique. In this case, the label [ is the empty
sequence €. However, the behavior of quantum measurements is probabilistic rather
than deterministic. In particular, after applying the quantum measurement M,
defined by these measurement operators M;, the initial state (o, p) can become
several states, with not only the classical part being the updated state o[i/x] but

(x,0) = (o(z),0)

<a070> — <a6a0> <a170> — <a/170>
(ap X a1,0) < {ay X a1,0) (n x a1,0) = (n xay,o)

(n x m,o) — (p, o) if p is the product of n and m.

<a070> - <a670> <a170> - <a,170>
(ap = a1,0) = (aj, = a1,0) (ap = a1,0) — (n =al,o)

if n i 1 to m.
= m, o) < (true, o) if n is equal to m

if n i t 1 to m.
Tn =, 0) = (false, o) if n is not equal to m

Fig. 1. The evaluation rules about some expressions.
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(Skip, 0. p) = (Nil, p)

(a,0) — {(a’,0")

(x:=a,0,p) S (x:=a' 0, p) (x:=n,0,p) = (Nil,o[n/z], p)

<CO7U7P> L> <C67U,7pl>
(co; 1,0, p) LN (¢ c1,0',p") (Nil;¢1,0,p) = (c1,0,p)

(b,0) = (V',0")
(If b then ¢y else ¢, 0, p) = (If i then c; else ¢, 0”, p/)

(If true then ¢ else ¢y, 0,p) = (co, 0, p)

(If false then ¢ else cy,0,p) — {(c1,0,p)

(While b do ¢, 0, p) = (If b then (c; While b do ¢) else Skip, o, p)

M = {M‘}z‘el
(Ul) 0,p) = (Nil,o, UpUT) (2 := M[g], 0, p) * (Nil, o[i ], MipM])

Fig. 2.  Small-step operational semantics of commands.

also the quantum part being the updated quantum state Ml-pM;L . The label [ is i
for the i-th successor configuration.

We use the ternary inductive predicate scstep instead of a function to formalize
the small-step operational semantics in Coq.? Below we display part of the defini-
tion of scstep, including the constructs for classical assignment, quantum unitary
transformation and measurement.

Inductive scstep : (com * State) -> list Z -> (com * State) -> Prop :=
| SCS_AssStep : forall st x a0 al, sastep st a0 al ->
scstep (x ::= a0, st) [l (x ::= al, st)
| SCS_Ass : forall stO stl x n,
stl = ((x !'-> n, (fst st0)), snd st0) ->
scstep (x ::= (ANum n), st0) [] (Skip, stl)

| SCS_Unit_SG : forall stO stl1 U q,
stl = ((fst st0), ((u_l U q) # (snd st0))) ->

dTechnically, it is more convenient to define the reflexive and transitive closure of scstep in

Sec.
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scstep (Unit_SG U q, st0) [l (Skip, stl)

| SCS_Unit_DB : forall stO stl U p q,
stl = ((fst st0), ((u_2 U q p) # (snd st0))) ->
scstep (Unit_DB U q p, st0) []1 (Skip, stl)

| SCS_Meas : forall stO stl 1 x q,
(st1 = ((x !'-> 0, (fst st0)), ((Meal q) # (snd st0))) A1
(st1 = ((x !'-> 1, (fst st0)), ((Meal q) # (snd st0))) A 1
scstep (Meas x q, st0) 1 (Skip, sti).

[0]) v
[11) ->

As mentioned at the end of Sec.[3.2] for unitary transformations, we only consider
single-qubit unitary operators u; = I2a @ U ® I3n-q-1) and double-qubit controlled
unitary operators

Ug = IZ‘I ® (|O> <O| & Iz(pfq*l) & IZ + |1><1| ® IQ(p*q*U & U) & 12("*1)*1)7 (11)

where U is a specific matrix, such as Pauli operators X, Y and Z or Hadamard
operator H. Ij is the k-dimensional identity operator. For measurements, we only
use two one-qubit projective measurement operators Mea0 = Izs ®|0) (0] ® Ign—q-1)
and Meal = Izq ® |1)(1| ® Iymn—q-1), with n being the number of involved qubits and
q or p being the qubit index on which the quantum operations are applied.

Definition u_1 (U: Matrix 2 2) (q: nat) : Matrix (2°n) (2°n) :=
(T2s ® U ® Ign-p-1).

Definition u_2 (U: Matrix 2 2) (q p: nat): Matrix (2°n) (2°n) :=
(Iaqa ® |0><0| ® 12})7(1—1 ® Ir ® 12'71,7})71) .+
(T2 @ |1)(1] ® Ipp—q-1 @ U ® Ign-p-1).

u_1 ]0)(0|.

u_1 |1)(1].

Definition MeaO :
Definition Meal :

3.4. State-based denotational semantics

We introduce the state-based denotational semantics to represent the final result
after program execution from the given start state.

With a command c and a state (o, p), we use [c](,,,) to stand for the interpreta-
tion of command ¢, as a set of triples (o', p’, 1), indicating that the state (o', p') is
reachable from (o, p) by following the label I. The denotational semantics of com-
mands are shown in Fig. Bl We ignore the denotational semantics of expressions e
like [e], because they are nearly identical to those in the classical setting.

We use an extra Abort command to terminate the computation prematurely
with no outcome and write () for [Abort], ,). The command (While b do ¢) is
interpreted as the union of all finite approximations of [While b do c](,, ). The
n-th approximation is [(If b then c else Skip)™; If b then Abort], ,), where c"
indicates that a command c is iteratively executed n times. Specifically, c® is Skip.
For simplicity, we abbreviate (If b then c else Skip) as (If b then c).

Like the operational semantics, after a quantum measurement, a state
may evolve into several states and the measurement results are given to the
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[[Skip]](a,p) = {(07 P, 6)}
[[Abort]](g,p) = (Z)
[z := a](s,p) = {(o][als /2], p, €)}
[cos c1lo,py) = {(0”, 0", lol1) | 3lo, 1y
(U/7p/7l0) € [[CO]](G',p) and (Ullvpllvll) S IIcl]](a’,p’)}

[[CO]](U,p) if Hb]]a' = true
[If b then cq else ci](,,) =
IIcl]](a',p) if IIb]]o' = false

[While b do c[(,,) = U,,en[(If b then ¢)"; If b then Abort] .,
[Ulalo,p) = {(o:UpUT, €)}
Lo 3= Mallio, = {(oli/sl, MipM], i) i € 1}
where M := {M,};cr

Fig. 3. State-based denotational semantics of commands.

corresponding classical variables. We also use different labels to mark different
states. The labels for most commands are easy to understand because of their simi-
larity to those in the operational semantics. Note that, for the sequential execution
of two statements, the effect is the accumulation of each statement. In other words,

if (o', p',10) € [col(o,p) and (¢, p",11) € [e1] (o7 1), then (o, p”,lol1) € [co; c1](o,p)-

Definition QuaRel.concat (REO RE1l: State -> list Z -> State -> Prop):
State -> list Z -> State -> Prop := fun st0 12 st2 =>
exists stl 10 11, REO stO 10 stl A RE1l stl 11 st2 A 12 = 10 ++ 11.

In Coq, we first define a few useful ternary relations. For example, the relation
QuaRel.concat given above formalizes the composition of two ternary relations
used to describe sequential statements. Then we rely on them to formalize the
state-based denotational semantics of commands as follows:

Fixpoint sceval (c : com): State -> list Z -> State -> Prop :=
match c with
| CQSkip => QuaRel.id
| CQAss x E => fun st0 1 stl =>
stl = ((x !'-> (aeval E st0), (fst st0)), snd st0) A1l = []
| CQSeq cl c2 => QuaRel.concat (sceval cl) (sceval c2)
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| Unit_SG U q => fun st0 1 st1 =>
stl = ((fst st0), ((u_l1 U q) # (snd st0))) A 1 = []
| Unit_ DB U q p => fun st0 1 stl =>
stl = ((fst st0), ((u_2 U qp) # (snd st0))) A1 =[]
| Meas x q => fun st0 1 stl =>
(st1 = ((x !'-> 0, (fst st0)), ((Meal q) # (snd st0))) A 1
(st1 = ((x !'-> 1, (fst st0)), ((Meal q) # (snd st0))) A1
end.

[01) v
11

3.5. Semantic equivalence

As previously mentioned, the denotational semantics is independent of the small-
step operational one. Nevertheless, we are going to show that they are consistent.

In Sec. B3] we have defined single-step transitions. Now we are going to define
a multi-step transition relation. We write {(c, o, p) N (c,a’,p'), supposing there
exist a finite chain of configurations {(c;, 0;, p;) and labels I; such that

l'll

l l l:
<Cy g, P> _1> <0170'17P1> _2> <027027P2> _5> e — <CTL7O-TL7PTL>

with (¢, on, pn) = (¢, o', p"), 1 = l1la - - 1,. So the consistency of the denotational
semantics and the multi-step operational one is established as follows.

Theorem 1. For any command c and state (o, p), there exist some l’s such that

[o.py = {(0", 0, 1) |(c,0,p) == (Nil, o, p')}. (12)

In Eq. (I2)), we keep the labels [ that are associated with the final state reached
by executing ¢ from the state (o,p). In Coq, we first inductively formalize the
reflexive and transitive closure of ternary relations below.

Inductive refl_trans_clos (RE : com * State -> list Z —>

com * State -> Prop)

com * State -> list Z -> com * State -> Prop :=

| rtc_step : forall csO 1 csl, RE csO 1 csl -> refl_trans_clos
RE csO 1 csi

| rtc_refl : forall cs, refl_trans_clos RE cs [] cs

| rtc_trans : forall csO csl cs2 10 11,
refl_trans_clos RE csO 10 csl -> refl_trans_clos RE csl 11 cs2 ->
refl_trans_clos RE csO (10 ++ 11) cs2.

Then we use the small-step transition relation scstep and its reflexive and transitive
closure to formalize a multi-step execution of programs.

Definition mcstep: com * State -> list Z -> com * State -> Prop :=
refl_trans_clos scstep.

Finally, we state the semantic equivalence and formally prove the consistency result.

Theorem oper_deno_equiv: forall c stO stl 1,
sceval ¢ st0 1 stl <-> mcstep (c, st0) 1 (CQSkip, stl).
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3.6. Daistribution-based denotational semantics

In the state-based denotational semantics, we view a command as a transformer that
changes an input machine state to a probability distribution of successor machine
states. Alternatively, we can directly consider a command as a transformer between
positive operator valued distributions. Let I" denote the set of all classical states.
Mathematically, a positive operator valued distribution (called distribution state)
pt is a mapping I' = D(Hy) with }° r,q tr(u(o)) < 1, where V C Qvar and [u]
is the support of u, representing {o € I' | u(o) # 0}. Sometimes we write u in
the form @, (i, pi) where pu(o;) = p;. We assume type Dstate for distribution
states.

We indicate the interpretation of command ¢ with distribution state p by {{c}},.
The distribution-based denotational semantics of commands is shown in Fig. @l For
the denotation of arithmetic and boolean expressions, since quantum states play no
role, we omit them and write {{a}},, and {{b}},. Note that for classical assignments
and quantum unitary transformations, similar assignments and transformations
are applied to each branch of the distribution state. For quantum measurements,
all reachable post-measurement states should be collected in the final distribution
state. For the conditional statement If b then ¢y else c¢;, we split the support of
1 into two parts: the states that validate b are applied to cg, those invalidate b are
applied to c¢1, and the corresponding results are combined together, which is very
different from the denotational semantics in Sec. 3.4l

The following theorem relates the distribution-based denotational semantics to
the state-based one.

{Skip}}, = p

{Abort}}, =«

{z = a}}y = Bics(oil{at}o. /2], pi)
{eoser B = e Bgeon

{If b then ¢ else c1}}, = {{colt @, (0:.00) PHA N @, (05,00
where {{b}}, = true and {{b}},, = false
{{While b do c}},, = limy_0{{(If b then ¢)"; If b then Abort}},
{Ulahu = Bici (0, UpiUT)
{{z == M[@}}, = D, (0li/2], MipM]) where M := {M}ics
Fig. 4. Distribution-based denotational semantics of commands, where s = @; (%, pi).
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Theorem 2. For any command c¢ and two distribution states @,;.;(os,p;) and

@jeJ(Ujv pj);

{cH @, 0oy =Plosipi) | = (Vie T3y, (05,00) € | [
jeJ iel
(13)
In Coq, we represent a distribution in terms of a list.

Definition DState : Type := list State.

The update operation on the classical part of a distribution state is defined as fol-
lows; the update operation on the quantum part as well as on the whole distribution
state is similar.
Definition DC (st : State) (x: Cvar) (a : aexp) : State :=
((x '-> (aeval a st), (fst st)), snd st).

Fixpoint disupc (dst : DState) (x: Cvar) (a : aexp) : DState :=
match dst with

I O0=10
| st :: dstl => DC st x a :: (disupc dstl x a)
end.

Unlike the union operation for the ternary relation in the state-based denotational
semantics, the distribution-based denotational semantics uses the binary relation
merge to collect all possible distribution states in the denotational semantics. The
definitions of the two relations are as follows.

Definition union (RE1 RE2: A -> E -> B -> Prop):A -> E -> B -> Prop :=
fun st0 1 stl => RE1 stO 1 stl V RE2 stO 1 stl.

Definition merge (RE1 RE2: DState -> DState -> Prop):
DState -> DState -> Prop :=
fun dstO dstl => exists dO d1, RE1 dstO0O dO A RE2 dstO0 dl1 A dstl =
do ++ di.

We formalize the distribution-based denotational semantics of commands as follows.
The relation merge is an important ingredient of if_sem and loop_sem.

Fixpoint dceval (c : com): DState -> DState -> Prop :=

match ¢ with
CQSkip => BinRel.id
CQAss x E => fun dstO dstl => dstl= disupc dstO x E
CQSeq cO c1 => BinRel.concat (dceval c0) (dceval cl)
CQIf b cO c1 => if_sem b (dceval c0) (dceval c1)
CQWhile b cO cl => loop_sem b (dceval cO) (dceval cl)
Unit_SG U q => fun dstO dstl => dstl = disupq dstO (u_1 U q)
Unit_DB U q p => fun dst0 dstl => dstl = disupq dst0 (u_2 U q p)
Meas x q => fun dstO dstl => dstl =
(disups dst0 x 0 (Meal q)) ++ (disups dstO x 1 (Meal q))
end.
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We formalize the relationship between these two denotational semantics as follows.

Lemma EQU : forall c dstO dstl, dceval c dstO dstl ->
exists dsts: list (list ((list Z) * State)),
Permutation (map snd (concat dsts)) dstl A
Forall2 (fun stl sts => MNP (fst (split sts)) A
forall 1 st2, sceval c stl 1 st2 <-> In (1, st2) sts) dstO dsts.

The functions Permutation, List.concat and Forall2 are defined in the Coq
standard library. The predicate MNP means that the elements of a list are not prefixed
with each other, as defined below.

Inductive MNP : list (list X) -> Prop :=
IMNP_nil : MNP []
|MNP_cons : forall x 1, Forall (NoPrefix x) 1 -> MNP 1 -> MNP (x::1).

4. Case Studies

4.1. Teleportation

Quantum teleportation35

known quantum state using only classical channels to send classical information.
Especially, the procedure applies various operations on the mixed state after two
intermediate measurements.

The circuit diagram of quantum teleportation is displayed in Fig. Bl Let the
participants be Alice and Bob, and quantum teleportation is described as follows.

employs quantum entangled states to transmit an un-

(1) We first create an EPR state |B800)qs,qs shared by Alice and Bob, with ¢o as-
signed to Alice and g3 assigned to Bob.

(2) Let Alice first apply the controlled-NOT operator on ¢; and g2 and then apply
the Hadamard operator on ¢ .

(3) Then Alice measures ¢; and ¢o separately and sends the results z and y to Bob.

(4) After Bob has received the results 2 and y, he applies the corresponding Pauli
operators to obtain the initial state on g¢3.

We use our classical-quantum language to describe the quantum teleportation
protocol and verify its correctness. The language description of this protocol is as

o) ——p—H | M)

D | M)

a

| XM | ZM = )

lpo) lp1)  lw2) |3) |pa)

Fig. 5. Teleportation.
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follows, which omits the preparation process for the EPR state |Sgo)-
teleportation £ CX 0 1; H 0;
x:=MDO;y:=M1;
If (y = 1) then X2 else Skip;
If (x =1) then Z2 else Skip.

This piece of program is formalized in Coq as follows, which is self-explanatory.

Definition tele : com :=
Unit_ DB X 0 1 ;;

Unit_SG H 0 ;;
Meas x 0 ;;
Meas y 1 ;;
If (y == 1)

Then (Unit_SG X 2)

Else Skip EndIf ;;
If (x ==1)

Then (Unit_SG Z 2)

Else Skip EndIf.

The input state |¢g) of the above program is tensored by any single-qubit state
|p) and the ERP state |Boo). Here |p) can be defined as «|0) + S|1), with two
complex numbers o and 3 satisfying |a|? + |32 = 1. The state |Bo) stands for
75100) + 5 [11).

After the command tele is executed, the transition between states is as follows.

Lemma tele_cor : dceval tele [(empty_CState, density ¢0)]

[((y '=> 1, x !'=> 1), density (/ C2 .* (|11} ® ¢)));
((y '-> 0, x '-> 1), density (/ C2 .* (|]10) ® ¥)));
((y '=> 1, x 1=> 0), demsity (/ C2 .* (J01) ® ©)));
((y '-> 0, x !'-> 0), density (/ C2 .* (J00) ® ©I].

Using the distribution-based denotational semantics and some simplification
strategies developed in the previous work #“ the correctness of this transition is easy
to prove. The third qubit of each output state in the distribution is |¢). Therefore,
we achieve the goal of quantum teleportation using only classical channels to send
classical information.

4.2. Grover’s search algorithm

Search algorithms are widely used. Classical methods are inefficient in searching un-
structured data, whose general complexity is O(n), where n is the data size. Grover’s
quantum search algorithm can improve search efficiency, reducing the complexity

to O(yv/n).

If the search space N is 2™ and the number of solutions for this search problem
is M, Grover’s search algorithm consists of one H®" operation and ,/% times

of Grover iterations, which is illustrated in Fig. 6l The operation H®" applies n
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|0®n> l H®n : L
G G G
Fig. 6. Grover’s search algorithm.
N 1 gen ] Condmm.wl T gen [
— — — phase shift — —
Oracle

Fig. 7. Grover iteration.

Hadamard gates to n qubits |0)®", respectively, and then generates the maximum
superposition state

;| N1
9) = —= ) |=). (14)
P
The Grover iteration G can be divided into four steps as shown in Fig. [l

(1) First apply the quantum oracle O to transform |z) into (—1)7®)|z);

(2) Then apply the operator H®" on the first n qubits;

(3) Next, perform a conditional phase shift on |z), that is, when |z) equals |0),
make no transformation; otherwise, convert |z) into —|x).

(4) Finally, apply the operator H®™ on the first n qubits again.

In the third step, the conditional phase shift is 2|0)(0| — I. The last three steps
can be combined as shown below:

HE™ x (2[0)(0] — I) x H®" =2|¢)(¢] — I. (15)
Thus, the Grover iteration G is (2|¢){¢| — I) x O.

In summary, starting from a maximum superposition state, Grover’s search
algorithm performs ¢ times of Grover iterations to find the solution to the search
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problem. By using our language, we describe the whole algorithm as follows:

Grover £ While (z < (t —1))) do
Grover iteration;
rz:=x+ 1.

When the search space N is 4 and the search solution is 3, ¢ equals 1. The unitary
transformation of the Grover iteration is described below:

Grover iteration 2 CZ 01; HO0; H1; X 0; X 1;
CZ01;, X0, X1; HO; H 1.

In this case, the algorithm is formalized as follows.

Definition gro : com :=

While (x <= (t-1)) Do
Unit_DB Z 0 1;; Unit_SG H 0;; Unit_SG H 1;;
Unit_SG X 0;; Unit_SG X 1;;
Unit_ DB Z 0 1;; Unit_SG X 0;; Unit_SG X 1;;
Unit_SG H 0;; Unit_SG H 1;;
x :=x + 1

EndWhile.

After the command gro is executed, the transition between states is as follows.

Lemma gro_cor : dceval gro [((t !-> 1), demsity (|4) ® |+)))]
[((t !'=> 1, x !-> 1), demnsity [11))].

Also using the distribution-based denotational semantics and some simplifica-
tion strategies® we prove the correctness of this lemma. The above case is the
simplest of Grover’s search algorithm, which only involves two qubits and only ex-
ecutes the loop body once. With the expansion of the search space, the number
of loops will increase, and the quantum operation simulating Grover iteration will
become more complex.

5. Related Work

Formal verification for quantum computation developed quickly, particularly in the
use of proof assistants. We first discuss some relevant work on quantum circuit lan-
guages or compilation verification implemented in the proof assistant Coq. Paykin
et al*? formalized a quantum language QWIRE in Coq. They defined the deno-
tational semantics of programs and formally proved several quantum algorithms
stated in that language®® Rand et al®” extended QWIRE to ReQWIRE and de-
veloped a verified compiler to convert classical circuits into reversible quantum ones.
Hietala et al%¥ designed a quantum language SQIR in Coq and developed a quan-
tum circuit optimizer VOQC. For both QWIRE and SQIR, the formalization and
verification involving density matrices is based on an explicit matrix representation.
Our language is based on the Dirac symbolic representation,2% which improves the
efficiency of the proof process as well as the readability of matrix representations.
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In addition, we choose a looser notion of matrix equivalence, which means that two
matrices are considered equivalent when they have equal components only in the
desired dimensions. Therefore, the proof process can omit the side condition that
the involved matrices must be well-formed.

The verification work mentioned above is based on the Coq standard library.
There also exists some other work that is implemented by using some specific Coq
math libraries. For example, Boender et al'*! turned the generic model of quantum
communication into constructive logic in Coq. They proposed a generic framework,
based on the Coq repository C-CoRN 42 to model and analyze some quantum pro-
tocols. Cano et al*¥ specifically designed a CoqEAL library** to develop efficient
computer algebra programs with proofs of correctness. They used lists of lists to
represent matrices for efficient matrix computations in Coq. Mahmoud and Felty4?
formally defined a quantum language Proto-Quipper in Coq and verified the type
soundness property. In the Hybrid system /4% they proposed a linear logical frame-
work to express and infer Quipper’s linear type system 2 Zhou et al4® presented a
program validator CoqQ for a simple imperative language in Coq. They formalized
a program logic and proved its soundness in denotational semantics depending on
the MathComp library4? Unlike our matrix library built on the Coq standard li-
brary, the linear and dependent types of the libraries involved in the aforementioned
work are more sophisticated and require much more proof efforts.

Besides Coq, other theorem provers and verification tools can also analyze quan-
tum circuits and programs. Let us review some verification work that adopts Is-
abelle, another popular theorem prover. Unruh®” not only designed a relational
quantum Hoare logic (QRHL) but also developed an Isabelle-based qrhl-tool, which
is embedded in a language with rich types of quantum data. The important use
of the grhl-tool is to verify the safety of post-quantum cryptographic algorithms
and protocols. Liu et al®! formally defined Ying’s quantum Hoare logic®® in Is-
abelle/HOL”¥ Their formalization contains a denotational semantics of a pure
quantum programming language and a Hoare logic that is proved sound and com-
plete for partial correctness with respect to the program semantics. The formal-
ization uses the Jordan Norm_Form (JNF) library®* for matrices as well as the
Deep_Learning library®® for tensors. Bordg et al®® designed an Isabelle formal-
ization to formally verify quantum programs. They not only formalized quantum
circuits using the JNF library but also provided a fundamental encoding of the Dirac
notation. However, Isabelle cannot flexibly customize high-level proof strategies, so
its degree of automation is not as good as Coq.

We finally analyze some related work with other verification tools. Amy et a
developed a reversible circuit compiler called ReVerC, which has been formally ver-
ified in F*58 This verification contained some unitary quantum circuits described
by the quantum circuit language LIQUi|)*? Beillahi et al®? validated quantum
circuits with nearly 200 double-qubit operators in HOL Light. It depended on a
set of rules regarding complex operations and linear operators that are verified
in Mahmoud et al.’s formalization®! for Hilbert spaces in HOL Light. Chareton

1‘57
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et al%? designed a validation framework QBRICKS in the deductive verification
tool Why3 .93 They used the parametrized path-sums® representation to formalize
quantum circuits. In the work mentioned above, a quantum state must be in vector
form, hence merely pure states can be described. Furthermore, they only consider
unitary operators but do not support quantum measurements. In contrast, we can
define quantum states as density matrices and support quantum unitary transfor-
mations and quantum measurements.

All the languages mentioned above are quantum low-level circuit languages or
pure quantum high-level languages which only contain quantum constructs. Our
imperative language allows for interactions of classical and quantum information.
Deng et al®!' and Feng et al* have proposed formal semantics and satisfaction-
based or expectation-based Hoare logics of a programming language which also
contains classical and quantum variables. But their verification is performed manu-
ally. To our best knowledge, we are the first to embed a classical-quantum language
in a theorem prover.

6. Conclusion

We formalize the syntax, operational and denotational semantics of a classical-
quantum imperative language. Due to the probability distributions of states gen-
erated by quantum measurements, we add branching information in our semantics
to distinguish all different reachable states. Using this information, we can prove
the consistency of these two semantics. In order to describe the program more
intuitively, we further directly consider distribution-based denotational semantics
and link it to state-based denotational semantics. Using distribution-based denota-
tional semantics and some symbolic reasoning strategies can verify the correctness
of quantum algorithms.

So far we have limited ourselves to operational semantics and denotational se-
mantics. In future work, we intend to formally define suitable axiomatic semantics,
or Hoare logics for classical-quantum languages in Coq, so to analyze quantum
programs.
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