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Abstract

Predicting spectra and photochemical pathways re-
lies on the computation of molecular excited states.
However, the practicality of near-term variational
quantum algorithms is threatened by the prohibitive
growth of measurement overheads. Integrating Quan-
tum Subspace Expansion (QSE) with the Contextual
Subspace (CS) method, we propose a CS-QSE frame-
work to resolve the scaling bottlenecks in excited-
state energy estimation. By confining excitation op-
erators to a compact contextual subspace, the frame-
work removes redundant degrees of freedom and re-
duces Pauli string counts, thereby easing the mea-
surement burden. The primary strength of CS-QSE
lies in its substantial reduction of the operator-pool
size. Benchmarking on LiH, HF, H,O, and HCI shows
that CS-QSE achieves errors within the target toler-
ance of 1.6 x 1072 Ha relative to full configuration
interaction benchmarks in the same basis set while
mitigating the prohibitive scaling inherent in the full-
space method. Numerical simulations reveal that the
operator pool size is consistently pruned by over 90%
across all systems, with the reduction reaching as
high as 99.7% for molecules such as HCl. This CS-
QSE framework establishes a resource-efficient route
for molecular simulations tailored to near-term noisy
intermediate-scale quantum devices.

1 Introduction

Electronic structure simulation is central to un-
derstanding the properties of molecules and mate-
rials, underpinning advancements across drug de-

sign [0], materials development [2], and catalysis [3].
While classical simulation is increasingly hampered
by steep scaling overheads, quantum computing pro-
vides a viable route to addressing problems that re-
main computationally prohibitive for conventional
methods [, B]. Consequently, researchers have in-
creasingly focused on hybrid quantum-classical al-
gorithms to bridge the gap between theoretical po-
tential and near-term hardware capabilities [8, [@, g].
As a representative of this approach, the Variational
Quantum Eigensolver (VQE) has become one of the
most widely studied approaches for quantum chem-
istry in the noisy intermediate-scale quantum (NISQ)
era [9, 0, T1]. To address hardware limitations, vari-
ous resource-efficient techniques have been developed,
including adaptive ansatz construction methods for
variational circuit optimization [, 3, 4] and quan-
tum embedding and fragmentation approaches for re-
ducing the effective problem size [[5, 06, I7].
Among these strategies, the contextual subspace
(CS) approach provides an effective pathway for
resource-efficient VQE calculations near the conven-
tional chemical-precision threshold relative to full
configuration interaction (FCI) benchmarks in the
same basis set. Pioneered by Kirby et al. [IR, [9,
20], this approach decomposes a Hamiltonian into a
classically solvable non-contextual component and a
quantum contextual correction, significantly reduc-
ing qubit resources and measurement costs. To ad-
dress the challenge of efficient ansatz construction,
Weaving et al. [21] introduced a stabilizer-based non-
contextual projection ansatz, while Ralli et al. [22]
further minimized measurement overhead via uni-
tary partitioning. For hardware implementation,



Liang et al. [23] integrated parameterized pulse con-
trol into the framework, effectively reducing circuit
depth and complexity. Recent experiments on super-
conducting processors demonstrate that this frame-
work can obtain ground-state energies close to FCI
results in strongly correlated regimes, outperforming
benchmarked single-reference methods and remain-
ing competitive with selected multiconfigurational
approaches [24]. While the CS-VQE has been suc-
cessfully applied to calculate ground-state energy, ex-
cited states are equally essential for photochemical
dynamics and optoelectronic properties, yet their ef-
ficient computation on NISQ hardware remains sub-
stantially more challenging than ground-state simu-
lations.

Existing techniques for excited states, such as Vari-
ational Quantum Deflation (VQD), rely on enforc-
ing orthogonality via overlap penalty terms [25].
Although recently generalized within the CS-VQD
framework [26], VQD is susceptible to sequential er-
ror accumulation, where inaccuracies in lower-lying
states systematically bias higher energy levels, and
its requirement for serial optimization imposes a pro-
hibitive computational burden [27].

To address these limitations, Quantum Subspace
Expansion (QSE), originally proposed by McClean
et al. [28] for calculating molecular excited states and
mitigating hardware decoherence, offers a robust al-
ternative. By mapping the electronic structure prob-
lem onto a generalized eigenvalue equation, QSE ef-
fectively bypasses the iterative state-by-state opti-
mization. Nevertheless, standard QSE formulations
incur prohibitive measurement overheads [29, Bd],
rendering its direct application to large-scale molec-
ular systems computationally intractable on contem-
porary NISQ architectures [31].

Technical Challenge. Despite the promise of hy-
brid architectures, there are still critical challenges
to the efficient simulation of excited states within
resource-constrained environments. Compared with
ground-state VQE, variational excited-state algo-
rithms typically incur substantially higher resource
costs 25, B2). In the VQD, enforcing orthogonality
through sequential state-by-state deflation leads to a
complicated optimization landscape and a large num-
ber of circuit evaluations [25, P7]. In the traditional
QSE, one must measure a large set of Hamiltonian
and overlap matrix elements [28], resulting in a quan-
tum measurement overhead that is much greater than
for ground-state VQE and grows rapidly with system
size, which severely limits accurate spectral calcula-
tions on near-term noisy devices [29, B0].

Contributions. We propose a hybrid CS-QSE
framework to overcome the above challenges. The

scaling bottlenecks are mitigated by integrating the
Quantum Subspace Expansion within a contextual
subspace, and the excited-state simulation is possi-
ble with much reduced qubits. More specifically, our
contributions are twofold:

e A resource-efficient CS-QSE framework. We gen-
eralize the contextual subspace approach to the
excited-state computation by projecting a full-
space excitation-operator pool into the contex-
tual subspace, thereby substantially reducing the
dimension of the operator space. This com-
pression alleviates both the measurement over-
head and qubit requirements, enabling excitation-
energy estimates with errors approaching the
chemical-precision scale relative to FCI bench-
marks for molecular systems such as HoO and
HCI, where standard QSE-based schemes already
exhibit rapidly increasing measurement require-
ments.

o An algebraically consistent projection strategy for
symmetry preservation. We address the key chal-
lenge of operator definition in reduced space by
defining the excitation pool in the full Hilbert
space and applying a uniform projection to the
excitation operators, Hamiltonian operators, and
UCCSD generators. This consistent mapping en-
forces algebraic equivalence across all operator
spaces, effectively removing symmetry contamina-
tion from unphysical sectors, eliminating spurious
eigenpairs, and stabilizing the generalized eigen-
value problem.

The rest of the article is structured as follows.
Section B briefly reviews the theoretical foundations
of the Variational Quantum Eigensolver, Contextual
Subspace, and Quantum Subspace Expansion algo-
rithms. Section B details the proposed hybrid CS-
QSE framework. Section B presents and evaluates nu-
merical simulations for representative molecular sys-
tems. Section B summarizes the study.

2 Theoretical Background

2.1 Variational Quantum Eigensolver

The VQE approximates the ground-state energy FEj
by iteratively optimizing a parameterized trial wave-
function [1(0)) [4, [0]. Based on the variational prin-
ciple, the expectation value serves as an upper bound
to the ground-state energy, Ey < (¢(0)|H|1(0)). The
trial state is prepared via a parameterized unitary
ansatz U(6) acting on an initial reference state, typ-
ically [1(6)) = U(8) [0)®".

To evaluate the energy on quantum hardware, the



Hamiltonian is decomposed into a linear combination
of Pauli strings, P, € {I, X,Y, Z}®N:

=3 w.p,,

where w, is a real-valued scalar coefficient.

Consequently, the VQE optimization problem is re-
duced to minimizing a cost function Evqr(#) com-
posed of measurable expectation values,

(1)

EVQE = moin EVQE(G)

- meinza: we (012N U 0)P,U0) 10)2Y . (2)

A classical optimizer updates the set of parameters
¢ to minimize the cost function Evqg(f), thereby
providing a variational upper-bound estimate of the
ground-state energy.

2.2 Contextual Subspace Method

The contextual subspace (CS) method is a hybrid
quantum-classical strategy for approximating the
eigenenergies of a molecular Hamiltonian [I8, 09].
The theoretical foundation derives from the Kochen-
Specker theorem [33, 34]. The central idea is to par-
tition the qubit Hamiltonian H into a noncontextual
part fInC, which is solved efficiently on a classical
computer, and a contextual part H, that captures
the remaining quantum correlations and is treated
on a quantum device within the contextual subspace
framework [21]:
H =y + H, (3)
The construction of Hy is governed by closure un-
der inference and a rigorous algebraic consistency cri-
terion. For a set of Pauli operators P, let P de-
note its closure, the minimal set containing P such
that for any commuting pair A, B € P, their prod-
uct AB is also in P. A set is defined as noncon-
textual if there exists a globally consistent value as-
signment v(P) € {1} for every P € P. This as-
signment must satisfy multiplicativity, whereby the
value of a product operator equals the product of
the values assigned to each individual component. It
must also guarantee that each operator is assigned a
unique, context-independent value, remaining invari-
ant across all measurement contexts. For instance,
the set P = {X1 X5, Z1Z5} is noncontextual; its clo-
sure {X1Xo, Z1Z2, —Y1Ys, I} admits a consistent as-
signment, such as v(X1Xs2) = 1 and v(Z173) = 1,
which uniquely determines v(—Y1Y3) = 1.

Table 1: Verification of quantum contextuality via alge-
braic constraints in the Mermin-Peres square.

Operator 1 Operator 2 Operator 3 Product
Row 1 X1 X XX +1
Row 2 1Z ZI ZZ +I
Row 3 Xz zZX YY +1
Product +I +1 —I Contradiction

In contrast, contextuality signifies that no such
global assignment can be maintained across all com-
muting contexts. This is illustrated by the Mermin-
Peres magic square in Table O [35]. The Mermin-
Peres square arranges nine two-qubit Pauli observ-
ables selected from the products of the four Pauli
generators Syp = {XI,IX,Z1,1Z}. As shown in
Table O, while the operators in each row and the
first two columns satisfy a product identity of +1I, the
third column yields a product of —I. These incom-
patible parity constraints preclude any globally con-
sistent, context-independent assignment of +1 values
to the nine observables, thus confirming the presence
of quantum contextuality.

To avoid such contradictions and ensure classical
simulability, one must restrict attention to operator
sets that are closed under inference and admit glob-
ally consistent value assignments, such as those used
in constructing Hy. [20].

Within the stabilizer formalism, the noncontextual
component ﬁnc is associated with a set of M inde-
pendent, pairwise commuting Pauli operators Sgpap =
{81, 59,...,Sm}. These generators commute with all
terms in H,. and represent emergent Zy pseudosym-
metries of the system. By classically solving the non-
contextual Hamiltonian, one determines the optimal
eigenvalue assignment v; € {+1,—1} for these gen-
erators, which defines a specific stabilizer sector. Let
|1) denote the noncontextual reference state obtained
from the classical solution of I:Inc, which lies in this
sector and therefore satisfies

Sile) = vil), (4)

To project the problem onto this sector, a Clif-
ford unitary Ug is employed to simultaneously di-
agonalize the M generators onto single-qubit Z op-
erators acting on the designated stabilizer qubit set
Lstar = {q1,42, - - -, qnm }, such that:

Vie{1,2,...,M}.

USSjUg‘ = th? 45 € Istan, (5)
where g; denotes the index of the j-th stabilizer qubit.
The existence of the Clifford unitary Ug follows from
the stabilizer normal form: any independent set of
mutually commuting Pauli generators whose gener-
ated stabilizer group does not contain —I can be
mapped by a Clifford transformation to single-qubit



Z operators [B6]. In the selected sector, the eigen-
value signs are absorbed into the stabilizer genera-
tors, ensuring that the associated stabilizer group is
consistent. The corresponding CS-VQE construction
is described in Ref. [20]. For the eigenvalue vector
v = (v1,ve,...,Vn), the sector projection operator
P, acting on the qubits indexed by Igap is defined as

M
]I—l—qu
P":Hqu' (6)

j=1

For any operator A, the projection map 7¥(A)
yields an effective operator acting on the reduced sim-
ulation space of u = N — M qubits,

7%(A) = Trgtap (Pl, Us AU, P,,) , (7)
where Trg., denotes the partial trace over the M
stabilizer qubits. The resulting effective Hamiltonian
Heg acting on the u-qubit contextual subspace is syn-
thesized by applying the projection map m; to the
entire Hamiltonian,

Hes = m)(Hue + He) = Ene - 1+ m (Hp), (8)
where FE). is the noncontextual ground-state energy
contribution within the chosen sector, I denotes the
identity operator acting on the wu-qubit contextual
subspace, and ﬁé denotes the collection of terms
not fixed to constants by the stabilizer-sector assign-
ment, including the projected contextual terms and
any residual diagonal Pauli-Z strings from H,.. This
formulation incorporates the noncontextual energy as
a constant shift while collecting all remaining non-
trivial terms into f[é The same projection map 7}
is applied to variational ansatzes and excitation op-
erator pools in the CS-VQE and CS-QSE stages to
ensure that the quantum dynamics remain strictly
within the u-qubit contextual subspace [21].

2.3 Quantum Subspace Expansion

QSE is a hybrid quantum-classical method that ap-
proximates molecular excited-state energies by diag-
onalizing the electronic Hamiltonian within a sub-
space spanned by configurations generated from an
approximate ground-state wavefunction |[¥g) [28].
In the widely used linear-response (LR) approxima-
tion, this subspace is spanned by basis states of the
form é;iéj |[¥o). For a single-determinant Hartree-
Fock reference, distinct single excitations correspond
to orthogonal Slater determinants. However, when
|Wo) is a correlated multi-determinant VQE refer-
ence, the corresponding operator-generated states

are generally non-orthogonal, and their overlap ma-
trix elements can be expressed in terms of the one-
and two-body reduced-density matrices of the ref-
erence [32, B7). The framework can be systemat-
ically extended to include double and higher-order
excitations, and as the maximum excitation rank ap-
proaches the total number of electrons, the resulting
expansion can, in principle, approach the correspond-
ing FCI energies within the chosen basis set.

Since the subspace basis states are generally non-
orthogonal, the QSE reduces the energy problem to
a generalized eigenvalue equation. Writing the trial
state [®) = >, C,,|¥,) as a linear combination of
w subspace basis vectors {|¥,) L“:_Ol, and applying
the Rayleigh-Ritz variational principle with respect
to the coefficient C), one has

S (W, H W)

Crx=EY (U,[W,) Cr.  (9)
A A

By defining the subspace Hamiltonian and the over-
lap matrix as

(Hsub)u)\ = <‘1/u| ﬁ |\I/>\>7
(Ssub)u)\ = <\IIV|\II)\> 5

the resulting generalized eigenvalue problem can be
written compactly as

(10)

HsubC = Essubcv (11)
where C is the matrix of expansion coefficients for the
ground and the excited states within the subspace.
The equation can be solved on a classical computer to
obtain approximate ground- and excited-state ener-
gies and the corresponding wavefunction coefficients.
Since QSE and related quantum equation-of-motion
approaches solve the eigenvalue problem within an
operator-generated response subspace, the accuracy
of the resulting excited-state estimates depends on
the overlap between this subspace and the target ex-
cited states [28, BZ].

3 Method

High-precision quantum chemistry simulations on the
NISQ devices remain constrained by qubit scarcity
and noise-induced limits on circuit depth [38]. Varia-
tional quantum algorithms, such as the VQE, provide
a practical route for near-term electronic-structure
calculations [, [0]. The coherent resources and
Hamiltonian measurement overhead required by the
VQE scale rapidly with the orbital space size, restrict-
ing applications to small molecules or simplified ac-
tive spaces [12, B].
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Figure 1: Hybrid quantum-classical workflow for calculating ground- and low-lying excited-state energies.

To mitigate these resource bottlenecks, we present
a hybrid quantum-classical workflow designed to de-
termine ground-state energies and low-lying excita-
tions with reduced quantum requirements. Imple-
mented within the Symmer framework [40], the work-
flow sequentially applies the symmetry-based taper-
ing and the contextual subspace projection to com-
press the problem into a reduced effective subspace.
Within this reduced effective subspace, QSE extracts
the excited-state information from a single variational
reference state.

The overall framework is illustrated in Fig. M. The
workflow begins with lossless compression via qubit
tapering, exploiting the Zs Pauli symmetries that
commute with the molecular Hamiltonian to obtain
a reduced Hamiltonian together with consistently ta-
pered ansatz and excitation operators [0, £2]. We
then apply CS-VQE to prepare a variational ground
state in the reduced space and use projected QSE to
estimate the ground and low-lying excited states from
the same reference state.

3.1 Tapering Process in the CS-QSE
Framework

Qubit tapering is employed as the first preprocessing
step in the CS-QSE to reduce qubit overhead exactly
within a selected symmetry sector. The method ex-
ploits an Abelian subgroup S of Pauli symmetries
generated by {s;}¥_, such that [H,s;] = 0 for all
1. Using the stabilizer formalism, one can construct

a Clifford unitary Uec that brings these commuting
generators to a standard form, e.g., chiU(]; ==+Z,,
thereby localizing the Zs symmetries onto k desig-
nated qubits.

By defining the conjugated Hamiltonian ﬁmper =
UcH U(TJ, where H acts on n qubits, we have
[ﬁtapm Zg4,] = 0 on k symmetry qubits.

Consequently, every Pauli term appearing in ﬁtaper
acts on those qubits only as I or Z. Fixing each sector
eigenvalue v; € {41, —1} in the symmetry sector of
the Hartree-Fock reference state, we replace Z,, with
v; and eliminate the £ symmetry qubits, obtaining an
effective Hamiltonian on ntaper = 7 — k qubits that
preserves the spectrum restricted to that sector.

In the QSE, the Subspace is generated from a set of
M operators Oy = {O; } . L acting on a reference
state, and the projected problem is solved via the
generalized eigenvalue equation

HsubC = Essubc7 (12)

where [Hgupsj
(0] 0;[1).

If the Hamiltonian is tapered within a selected
symmetry sector while the QSE expansion operators
are constructed directly as Pauli operators in the re-
duced space, these Pauli operators are not guaranteed
to correspond to the reduced forms of the original
electronic excitation operators within the same sym-
metry sector. Consequently, they may generate QSE
basis states that are inconsistent with the electronic

= (Y|OJHO;|¥) and [Sew)ij



excitation structure of the original Hilbert space, be-
cause the corresponding Pauli operators are not ob-
tained through the same symmetry-reduction map
used for the Hamiltonian and ansatz generators.

To address this, we introduce a Congruent Oper-
ator Projection (COP) protocol. Rather than con-
structing excitation operators heuristically in the re-
duced space, the COP starts from the full-space
fermionic excitation pool Og, as defined in Sec. B3
and derives all QSE expansion operators via the same
symmetry-reduction map 7, used for the Hamilto-
nian. The map 7, effectively implements the same
reduction used for the Hamiltonian: each operator is
conjugated by the tapering Clifford unitary Ug, re-
stricted to the selected symmetry sector, and acts in
the reduced qubit space:

Otaper = {()j ‘ 0; = T,(0;) = P,UcO;ULP,, )
13
0; € Ofull}a

where P, denotes the projector onto the selected sym-
metry sector. Once the symmetry sector is speci-
fied, the corresponding Pauli factors are replaced by
their sector eigenvalues, so that the associated qubits
are tapered off and the operators act on the reduced
qubit space. Moreover, we apply the same symmetry-
reduction map 7, to the UCCSD generators. This
map-consistent construction ensures that the Hamil-
tonian, reference state, ansatz generators, and QSE
expansion operators preserve the same tapered sym-
metry sector, avoiding symmetry-breaking terms and
improving the conditioning and numerical stability of
the QSE generalized eigenvalue problem.

3.2 CS-VQE process in the CS-QSE
Framework

Although qubit tapering reduces the Hilbert space
dimension of the Hamiltonian, the resulting tapered
Hamiltonian may still contain many Pauli terms,
leading to a substantial measurement bottleneck. To
further reduce the quantum resource requirements,
the CS method applies a stabilizer-subspace projec-
tion to the tapered Hamiltonian fltaper acting on
Ntaper qubits, yielding a reduced Hamiltonian ffcs
defined on a compact contextual subspace involving
only u simulation qubits, where © = ngaper—m, and m
is the number of qubits fixed by the selected stabiliz-
ers. Within this framework, the Hamiltonian is par-
titioned into a classically solvable noncontextual part
ﬁnc and a contextual part ﬁc that must be treated
on a quantum processor.

In the standard CS procedure, the stabilizers
are determined from the noncontextual structure of

H,. [20, 21]; however, a stabilizer set selected only
from this structure may project out operator com-
ponents that are important for describing electronic
correlation. To address the corresponding ansatz-
construction problem in CS-VQE, previous studies
used a UCCSD-compatible stabilizer selection, in
which the selected stabilizers are chosen to commute
with the UCCSD generators before the ansatz op-
erators are projected into the contextual subspace.
In this construction, UCCSD terms that are incom-
patible with the selected stabilizer sector vanish un-
der projection, so the stabilizer choice directly de-
termines which parts of the UCCSD operator pool
are retained in the reduced problem. Building on
this UCCSD-compatible stabilizer selection, the same
stabilizer-subspace projection used for the Hamilto-
nian and UCCSD ansatz is applied to the tapered
QSE excitation-operator pool, yielding projected ex-
citation operators defined in the same contextual sub-
space. Excitation operators whose projected forms
vanish are discarded, so the retained pool consists
only of operators compatible with the selected stabi-
lizer sector.

As a result, the projected excitation operators,
the Hamiltonian terms, and UCCSD generators
are defined within the same contextual subspace,
which helps avoid symmetry-sector inconsistencies
and rank-deficient QSE overlap matrices. After the
stabilizer set and the corresponding projection map
are determined, the tapered Hamiltonian and the
tapered QSE excitation-operator pool are projected
into the same contextual subspace. The original pool
of M., tapered excitation operators is reduced to a
projected pool of M, operators by applying the same
CS projection map 7 to each operator and retaining
only the non-vanishing projected operators:

{013ty = {me (O™ | 1e (1,2, Maxc),

(14)

m(0}") # 0},

Here, M, < Mgq denotes the number of non-

vanishing excitation operators after the CS projec-
tion.

3.3 Constructing the CS-QSE Excita-
tion Operator Pool

With the tapering map 7, and the contextual pro-
jection map 7 established, we construct the CS-
QSE excitation-operator pool by applying the same
projection maps used for the Hamiltonian and the
UCCSD generators. The pool is first generated in
the full fermionic space from single and double exci-



tations and is then reduced by the same tapering and
contextual-subspace maps.

For a system with ng, spin-orbitals, let ¢, denote
the occupied spin-orbitals and a, b denote the virtual
spin-orbitals with respect to the chosen reference de-
terminant. The single and double excitation opera-
tors are respectively defined as

Tiil) =ala;, a € virt, i € occ, (15)
Tﬁzj = alalajai, a,b € virt, i,j € occ.  (16)

Accordingly, the full excitation-operator pool Oy
is defined as the union of the single-excitation set
OW and the double-excitation set @), To eliminate
the redundant double-excitation terms, an upper-
triangular constraint such that @ > b and ¢ > j
is adopted. All fermionic operators in Opg, are
then mapped to Pauli strings via the Jordan—-Wigner
transformation.

To ensure symmetry-sector consistency, the exact
tapering map described in Section Bl is applied con-
sistently to both the Hamiltonian and the excitation-
operator pool, yielding the tapered pool O¢aper in the
selected physical sector.

For a target simulation register of size u, a sta-
bilizer sector is chosen according to the contextual-
subspace construction described in Section Z32. Us-
ing the Clifford unitary Ug defined in Eq. (B) and
the sector projector P, defined in Eq. (B), we apply
the contextual-subspace projection map 7+ defined in
Eq. (@).

To construct the CS-QSE operator pool, we apply
the contextual-subspace projection map 7, to each
excitation operator in the tapered excitation-operator
pool Ogaper. Operators that vanish after projection
are discarded, and the remaining projected operators
form the effective excitation-operator pool defined in
Eq. (Id). Consequently, each CS-QSE basis state is
constructed within the contextual subspace associ-
ated with the chosen stabilizer sector, substantially
reducing the expansion subspace dimension and the
corresponding measurement overheads.

The dimensionality reduction in the CS-QSE
framework is mathematically established by apply-
ing the projection map to each Pauli operator in the
tapered pool. Many excitation terms without satisfy-
ing the stabilizer constraints vanish upon projection,
which is critical since the QSE computational costs
scale with the dimension of the subspace. If an op-
erator A anti-commutes with a stabilizer generator
Sk, the resulting projection 7%(A) defined in Eq. (@)
is zero. For the transformed operators A’ = USAU;

and S), = UsSkU;, the unitary transformation Ug

preserves the commutation or anti-commutation rela-
tions of the original operators, yielding {A’, S} } = 0.
According to the diagonalization in Eq. (8), S}, = Z,,,
thus the local Pauli operator of A’ on qubit ¢, must
be X or Y to anti-commute with Z.

After the Clifford transformation, the sector pro-
jector P, is a product of projectors on stabilizer
qubits as defined in Eq. (). This configuration re-
sults in a factor P,, oantiP, on qubit gz. Due to
the anti-commutation {Canti, Zg,} = 0, the opera-
tor o.n flips the projector to the orthogonal sector
via oantiPy, = P_y,0anti- The inherent orthogonality
P, P_,, = 0 ensures that P, cantiP,, = 0, yielding
a total projection of 7%(A4) = Trr,., (P,A'P,) = 0.

Consequently, even though the initial operator pool
Otaper is obtained by tapering the full pool of single
and double excitation operators, a significant fraction
of these operators are automatically eliminated for
violating stabilizer-sector constraints.

3.4 Ground- and Excited-State Calcu-
lations in the CS-QSE Framework

The CS-VQE reference state is obtained by minimiz-
ing the expectation value of the contextual-subspace
Hamiltonian Hcs:

Ey = mgin<‘1’“(9)|ﬁcs|\l’“(9)>, (17)
leading to an optimal parameter set 6* and the
variational reference state [W} .) = [U"(0)). Af-
ter obtaining the optimized reduced-space reference
state [P, f>, the linear-response subspace is con-
structed by generating a non-orthogonal basis set B =
{l#1),192), .-, |én,)} from the symmetry-consistent
projected operator pool Ofg defined in Eq. (I4),
where

|¢k>:O~Ich|\I/gef>v k€{132aaMu} (18)

Within this subspace, the Schrédinger equation is

projected onto the following generalized eigenvalue
problem:

H.,vC = E Squ1C, (19)

where the elements of the projected Hamiltonian ma-
trix Hg,p and the overlap matrix Sgy), are defined as:

[Hsub]ij = <\I]77fef|0~3ﬁCSO~j|\Ijgef>a

i~ (20)

[Seublij = (P f|OTO;| WL ).
The projection of the full operator pool into the com-
pact Contextual Subspace may introduce linear de-
pendencies, which can render the overlap matrix Sqyp,
ill-conditioned (i.e., condition number £(Sgyp) > 1).



The Canonical Orthogonalization procedure is em-
ployed to improve numerical stability. The spectral
decomposition Sgup, = UXU' is performed, with a
truncation threshold € applied to discard eigenvectors
associated with near-zero eigenvalues (X;; < €). A

transformation matrix X = Uvath;alh/j is then con-
structed to convert the generalized eigenvalue prob-
lem into a better-conditioned standard eigenvalue
problem:

Hregcreg = Creg Ea (21)

where H,ee = X TH,,pX. The resulting set of eigen-
values {Ey, F1, ..., E} constitutes the estimated en-
ergy spectrum, where the lowest eigenvalue Ey pro-
vides a linear-response correction to the ground state
energy, while a higher-lying eigenvalue Fj, (with k& >
0) resolves the low-energy excitation spectrum, en-
abling the simultaneous calculation of multiple ex-
cited states.

4 Numerical Results

This section presents the numerical simulations for
the CS-QSE workflow described in Sec. B. Using the
FCI energies within the STO-3G basis set as refer-
ences, we benchmark the accuracy of ground and low-
lying excited states obtained from a single CS-VQE
reference state followed by projected QSE. The re-
sults are organized as follows: (i) We analyze energy-
error trends versus the contextual-subspace size u at
fixed molecular geometries; (ii) We evaluate the state
tracking along bond-length scans through potential-
energy curves; (iii) We quantify the reduction in the
number of excitation operators induced by the Zo
symmetry tapering and the contextual-subspace pro-
jection, and compare the resulting resource profile
with CS-VQD.

4.1 CS-QSE Using UCCSD Ansatz

In this work, the Hamiltonians of LiH, HF, HoO, and
HCI are constructed using the PySCF program [43]
to perform the initial electronic structure calculation
and generate molecular integrals. These integrals
are then processed via the Symmer framework and
Qiskit library, integrated with the OpenFermion pro-
gram [0, 44, #5]. We use the FCI result within the
STO-3G basis set as the benchmark and report the
absolute error relative to that FCI reference. Follow-
ing common usage in the quantum-computing litera-
ture, we take 1.6x 1073 Ha as the threshold relative to
this STO-3G/FCI reference; however, this criterion is
more precisely understood as the chemical-precision

threshold relative to a fixed basis set [d6], represent-
ing the algorithmic convergence to the FCI baseline
rather than an absolute deviation from the experi-
mental limit.

Using a symmetry-based qubit-tapering approach,
the qubit counts of these molecular systems are re-
duced from their original values of 12, 12, 14 and 20
to 8, 8, 10, and 17 qubits, respectively. Consider-
ing the substantial computational expense of large-
scale simulations, the simulation scale is limited to
10 qubits as long as it shows the performance of the
CS-QSE. Among all proposed VQE algorithms, varia-
tional wave function is constructed using the UCCSD
ansatz. The excitation operator TUCCS D comprises
single-excitation and double-excitation terms,

TUCCSD =T+ T2

= Z Z t?alai

i€occ aevirt

+ Z Z t?;’a:gazajai.

i>j€occ a>bevirt

(22)

The corresponding unitary operator is applied to
the reference state |¢,.s) to build the parameterized
quantum circuit. Within the Stabilizer Formalism,
the parameterized ansatz is restricted from the full
electronic structure problem to the contextual sub-
space. As illustrated in Fig. B, all energy errors for
both ground and excited states are plotted versus the
number of qubits retained in the contextual subspace
at fixed molecular geometries.

For the diatomic systems (LiH, HF, and HCI),
the bond lengths are set to 1.57473 A, 0.9945 A,
and 1.3413 A, respectively, while for HoO we adopt
the equilibrium H-O—-H bond angle and O—-H bond
length of 104.48° and 0.9578 A, respectively [47, GF].
At fixed geometries, energy errors decline consis-
tently with the increasing number of qubits retained
in the contextual subspace. Notably, energy errors
for both ground and excited states in the CS-QSE
exhibit a sharp order-of-magnitude reduction at a
specific qubit threshold, followed by rapid conver-
gence toward the accuracy limit. When the simulated
qubit count Ng;,, reaches the tapered qubit limit, the
Hamiltonian projection transitions from the approxi-
mate truncation of the CS-VQE to an exact mapping.
This shift eliminates the truncation errors inherent in
the CS-VQE method, allowing the subspace to retain
the core operators of the excitation pool and UCCSD.
Hence, we observe a sudden discontinuity in the en-
ergy error at this point. We found that LiH, HF, and
H5O all show a clear jump in accuracy, but HCI does
not show this within the tested subspace range. This
is mainly because the tapered Hamiltonian of HCI
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Figure 2: Energy error scaling of the CS-VQE and CS-QSE compared with the CS-VQD using a UCCSD ansatz as

a function of the number of qubits.

contains 17 qubits, while the present calculations are
limited to u = 10; therefore, the tested range remains
below the full tapered-Hamiltonian dimension. Fur-
thermore, the CS-QSE method typically needs more
qubits for excited states than for the ground state to
reach the chemical-precision threshold. This is be-
cause accurate results for excited states depend on
including the key orbital degrees of freedom.

The CS-VQD data in Fig. B are restricted to the
first excited state, as the algorithm necessitates a
sequential optimization with overlap penalty terms
for each successive level. This serial approach in-
curs prohibitive measurement and execution over-
head as the number of target states grows, which
often undermines numerical stability. In contrast,
the CS-QSE resolves multiple excited states simul-
taneously via the classical post-processing. By solv-
ing the subspace generalized eigenvalue problem in
a single execution, the CS-QSE eliminates the need
for repetitive, high-cost variational searches for each
target state. Furthermore, CS-QSE avoids the re-
peated overlap measurements required by the sequen-
tial CS-VQD procedure and obtains multiple excited

states through diagonalization of the projected sub-
space matrices, thereby reducing the measurement
overhead for excited-state calculation and improving
its practicality for near-term quantum simulations.

To validate the extension of the QSE within the
CS-VQE framework, we assessed its capability to
track ground and excited state potential energy
curves across a range of nuclear geometries in Figs. B
and @. For each molecular system, potential energy
surface (PES) scans are performed over a bond length
range of R = 0.7-3.5 A.

To assess the impact of qubit scaling on preci-
sion, the PES scans are performed at two simulation-
qubit sizes, with v = 6 and v = 8 for LiH and
HF, and v = 8 and u = 10 for H,O and HCIL. A
chemical-precision threshold of 1.6 x 1072 Ha rela-
tive to the exact FCI values for the ground and low-
lying excited states is attainable at the small-scale
qubit systems. However, the pursuit of higher preci-
sion through increased the qubit counts significantly
inflates the computational costs due to the escalat-
ing demands of circuit depth and measurement over-
head. Therefore, minimizing the qubit requirements
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Figure 3: Energy error scaling of the CS-VQE and CS-QSE using a UCCSD ansatz as a function of 6 qubits and 8

qubits.

is of higher practical significance within the resource-
constrained NISQ regime.

As illustrated in Figs. B and B, the Ey ~ E, ener-
gies obtained via the CS-QSE align closely with the
FCI benchmarks across the entire bond-length range,
forming smooth and continuous PES profiles. This
demonstrates that the CS-QSE method can accu-
rately evaluate the ground-state energy while reliably
capturing the relative energy relations and tracking
multiple low-lying excited-state curves during config-
uration scans. Note that the FCI benchmarks are
plotted as smooth curves using fifth-order polynomial
fitting for visual clarity, whereas the CS-QSE results
are presented as discrete sampling points. The ‘CS-
VQE’ markers represent the ground-state energies ob-
tained by the CS-VQE method at each bond length,
which serve as the reference for constructing the CS-
QSE subspace.

The symbol (T) denotes that the residual has
reached the predefined numerical threshold. Ta-
bles B-8 summarize the absolute energy errors cal-
culated relative to the FCI benchmarks. The ta-
bles detail the ground-state reference errors from

10

the CS-VQE and the Ey ~ Ej errors obtained via
the CS-QSE. Numerical results are presented in the
form of a(b), representing the n-qubit and N-qubit
calculations, respectively. Notably, for the 8-qubit
(LiH/HF') and 10-qubit (H20) cases, the simulation
qubit count matches the tapered Hamiltonian size.

As a result, the CS-VQE procedure is not per-
formed, and the reference state is generated through
the VQE on the tapered Hamiltonian, thereby avoid-
ing the additional approximation introduced by the
CS projection.  Across the scanned bond-length
range, the calculated energies for both the ground
and the first few excited states consistently reach the
chemical-precision threshold when tightly converged.
In certain configurations, the excited-state errors are
comparable to or even lower than those of the ground
state, indicating that the CS-QSE subspace expan-
sion effectively captures the underlying physics of the
target states relative to the reference.

In summary, despite the gains in accuracy, the pre-
cision and the computational cost should be traded
off subtly with the associated increases in measure-
ment overhead and subspace dimension. Our ap-
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Figure 4: Energy error scaling of the CS-VQE and CS-QSE using a UCCSD ansatz as a function of 8 qubits and

10 qubits.

Table 2: Energy errors of LiH versus the number of qubits.

6 qubits (8 qubits)

Bond length (A) CS-VQE GS CS-QSE E, CS-QSE E, CS-QSE E, CS-QSE Es CS-QSE E,
0.700 1.05e—3 (1.01e—7)  1.05¢—3(9.77e—15) 1.53¢—3 (9.77e—15) 1.72e—3(T) 5.89¢—3(T) 6.69¢—4 (1.95¢—14)
0.875 6.34e—4 (1.74c—8)  6.3dc—4 (8.97c—14) 7.82e—4 (5.06e—14) 9.23e—4 (6.0dc—14) 6.54c—4 (1.09e—13) 4.05e—3 (3.02c—14)
1.050 3.81e—4(7.63c—9) 3.8lc—4 (1.07e—14) 5.55¢—4 (4.00e—14) 6.40e—4 (5.06e—14) 5.14e—4 (1.07e—14)  2.68¢—3 (9.77c—15)
1.225 2.59¢—4 (1.35¢—8)  2.59¢—4 (9.77e—15) 5.45¢—4 (T) 5.95¢—4 (1.07c—14)  4.02c—4(9.77e—15)  1.95¢—3 (9.77e—15)
1.400 2.23e—4(5.78¢—8)  2.23e—4 (3.02e—14) 6.06e—4 (T) 6.42e—4 (1.07e—14)  3.48¢—4(3.02e—14) 1.55e—3 (3.02e—14)
1.575 3.45¢—4(7.86c—8) 3.45c—4 (5.33¢—14) 6.15¢—4 (1.78e—14) 7.53e—4 (3.55¢—15) 3.44e—4(1.07e—14) 1.09e—3 (1.95¢—14)
1.750 4.03c—4(9.62c—8) 4.03e—4 (3.55¢—15) 6.24e—4 (2.84c—14) 8.22c—4(1.07e—14) 3.30c—4 (4.97c—14) 7.76c—4 (4.97e—14)
1.925 4.38c—4(1.11e—7) 4.38¢—4 (3.55¢—15) 6.33e—4 (2.84c—14) 8.7le—4(1.78¢—14) 3.16c—4 (5.68c—14) 5.56c—4 (2.13e—14)
2.100 4.58c—4(1.24e—7) 4.58¢—4(5.33e—14) 6.4le—4(3.55¢—14) 9.10e—4 (2.13¢—14) 3.05¢—4 (5.33c—14) 4.18c—4 (3.55¢—14)
2.275 4.700—4 (1.35e—7) 4.70e—4 (4.97e—14) 6.46e—4 (6.04e—14) 9.4le—4(3.55e—14) 2.96e—4 (2.13c—14) 3.19¢—4 (3.20e—14)
2.450 4.77c—4(1.43¢—7) 4.T7e—4(4.97e—14) 6.49e—4 (4.97c—14) 9.65¢—4 (4.97c—14) 2.90c—4 (4.97c—14) 2.53¢—4 (T)
2,625 4.81c—4(1.47c—7) 4.8le—4(5.33¢—14) 6.5le—4(4.97c—14) 9.83c—4(3.55¢—14) 2.86c—4 (4.97c—14) 2.11c—4 (3.55¢—14)
2.800 4.84e—4(1.49e—7) 4.84e—4(5.33c—14) 6.52c—4 (3.55¢—14) 9.97e—4 (3.55c—14) 2.84e—4 (4.97e—14) 1.83e—4 (4.97e—14)
2.975 4.85c—4 (1.50e—7) 4.85¢—4 (5.33e—14) 6.52e—4 (3.55¢—14) 1.0le—3(3.55¢—14) 2.84c—4 (3.55¢—14) 1.64e—4 (T)
3.150 4.85e—4(1.50e—7) 4.85e—4 (5.33c—14)  6.52c—4 (3.55¢—14) 1.0le—3 (3.55e—14) 2.86e—4 (4.97e—14) 1.52e—4 (4.97e—14)
3.325 4.85c—4 (1.50c—7) 4.85¢c—4 (5.33¢—14) 6.52c—4 (3.55¢—14) 1.02¢—3 (3.55c—14) 2.89c—4 (3.55c—14) 1.42c—4 (3.55¢—14)
3.500 4.85c—4 (1.50e—7) 4.85¢—4(5.33¢—14) 6.51e—4(3.55c—14) 1.03¢—3 (3.55¢—14) 2.93c—4(3.55c—14) 1.35c—4 (4.97c—14)

proach reconciles chemical precision with minimal
qubit overhead, maintaining the feasibility of the al-
gorithm within the constraints of NISQ hardware. In
the VQE calculations, the parameters are initialized
to zero at the first scanned bond length, correspond-
ing to the Hartree—Fock reference state. For each
subsequent scanned bond length, the converged pa-

1

rameters from the preceding point are used as the
initial guess for optimization. This warm-start strat-
egy accelerates VQE convergence and facilitates ro-
bust state tracking, resulting in physically consistent
and continuous potential energy profiles across the
scanned coordinate space.

1



Table 3: Energy errors of HF versus the number of qubits.

6 qubits (8 qubits)

Bond length (A) CS-VQE GS CS-QSE E, CS-QSE E, CS-QSE E, CS-QSE E4 CS-QSE E,
0.700 2.32e—5 (9.63e—12)  2.32e—5(1.56e—13) 4.35e—5(7.1le—14) 1.28¢—4(2.70e—13)  4.59¢—5 (1.85¢—13)  1.24e—4(3.13e—13)
0.875 2.12e— (9 63e—12) 2.12e—5(1.42—13) 2.78¢—5(2.84e—13) 1.06e—4 (1.14e—13) 7.1le—14(8.53e—14) 1.38e—4 (2.13e—13)
1.050 1.93e—5(9.71e—12)  1.93e—5(6.39e—13) 1.64e—5(5.83e—13) 7.89e¢—5(5.68e—13) 2.84e—14 (1.56e—13) 1.31e—4 (1.14e—13)
1.225 1.67e—5(9.75e—12)  1.67e—5(3.69e—13) 9.51e—6(3.69e—13) 5.55¢—5(6.82e—13) 1.14e—13(1.28¢—13)  9.87e—5(9.95c—14)
1.400 1.33¢—5(9.32e—12)  1.33e—5(4.12e—13) 5.52¢—6(2.42e—13) 3.68c—5(5.40e—13) 3.69e—13 (4.69e—13)  4.80e—5 (3.13e—13)
1.575 9.70e—6 (9.56e—12)  9.70e—6 (9.95e—14)  3.18e—6 (6.25e—13)  2.26e—5 (3.41e—13) 5.68c—14 (1.14e—13)  1.50e—5 (2.42e—13)
1.750 6.42—6 (9.35e—12) 6.42e—6 (2.84e—14) 1.82e—6 (8.53e—14) 1.27e—5 (5.68e—14)  5.58¢—6 (1.85e—13)  9.95e—14 (1.56e—13)
1.925 3.93e—6 (9.79e—12) 3.93e—6 (T) 1.04e—6(3.98e—13) 6.58e—6(1.42e—14)  3.84e—6(1.85e—13)  1.56e—13 (1.42e—14)
2.100 2.27¢—6 (1.0le—11)  2.27e—6(3.4le—13) 6.02e—7 (1.14e—13)  3.25¢—6 (2.98¢—13)  3.2le— 6(4 26e—14) 9.95e—14 (T)
2.275 1.27¢—6 (1.17e—11) 1.27e—6(5.68c—14) 3.52e—7(3.13e—13) 1.6de—G (8.24e—13)  2.53¢—6(1.99e—13) 1.28e—13 (7.1le—14)
2.450 6.95e—7 (1.13e—11)  6.95e—7 (1.28e—13) 2.13e—7(1.42e—13) 8.79e—7 (3.41e—13)  1.87e—6 (4.26e—13)  8.53e—14 (5.68e—14)
2.625 3.81e—7(9.68¢—12) 3.8le—T7(4.26e—13) 1.34e—7(1.28¢—13) 4.98¢—7(8.53e—14) 1.35¢—6 (5.26e—13)  2.56e—13 (2.84e—13)
2.800 2.12e—7(1.05e—11) 2.12e—7(3.13e—13) 8.82e—8(5.83e—13) 2.94e—7 (1.14e—13)  9.59e—7 (1.71e—13)  2.84e—14 (4.26e—14)
2.975 1.21e—7 (1.15e—11)  1.21e—7 (4.26e—13) 6.08¢—8(2.84e—14) 1.79e—7(2.98¢—13) 6.85e—7(2.27e—13)  4.26e—14 (8.53e—14)
3.150 7.31e—8(9.72e—12) 7.3le—8(1.7le—13) 4.38e—8 (4.26e—13) 1.13e—7(2.84e—13) 4.95e—7 (1.85e—13)  6.39e—13 (1.42e—13)
3.325 4.68¢—8 (1.04e—11) 4.68e—8(7.11e—14) 3.29e—8(2.13e—13) 7.42¢—8(3.27e—13)  3.62e—7 (5.68¢—14)  8.53e—14 (5.54e—13)
3.500 3.21e—8(1.40e—11) 3.21e—8(3.69e—13) 2.55e—8(2.98¢—13) 5.06e—8(3.84e—13)  2.69e—7 (4.55e—13)  1.99e—13(1.42e—13)

Table 4: Energy errors of HoO versus the number of qubits.
8 qubits (10 qubits)

Bond length (A)  CS-VQE GS CS-QSE E, CS-QSE E; CS-QSE B, CS-QSE B, CS-QSE Ey4
0.700 1.21e—4(3.81e—6) 1.18e—4 (4.80e—13) 1.350—4 (4.50e—13) 1.44e—4(1.00e—13) 6.12e—5(2.00e—13) 2.44e—4 (1.00e—13)
0.875 9.42e—5(4.99e—6)  8.93e—5(2.00e—13) 1.15e—4 (4.00e—13) 1.4le—4 (1.00e—13) 4.02e—5 (1.00e—13) 1.33e—4 (2.00e—13)
1.050 6.94e—5(3.11e—6)  6.76e—5 (2.00e—13)  8.66e—5 (3.00e—13)  1.30e—4 (1.00e—13) 2.78e—5(1.00e—13) 6.76e—5 (1.00e—13)
1.225 5.6de—5(2.22e—6)  5.28e—5(1.00e—13)  5.96e—5 (1.00e—13) 1.18e—4 (2.00e—13) 2.20e—5 (1.00e—13) 8.08e—5 (1.00e—13)
1.400 4.57e—5(1.38e—4) 4.12e—5(2.00e—13) 4.06e—5 (1.00e—13) 8.41e—5(1.00e—13) 1.69e—5 (1.00e—13) 1.51e—5(1.00e—13)
1.575 3.63e—5(1.39e—4)  3.03e—5(1.00e—13) 1.91e—5(1.00e—13) 5.71e—5(4.00e—13) 1.13e—5(1.00e—13) 3.57e—5 (1.00e—13)
1.750 2.88e—5(1.3le—4)  2.16e—5(1.00e—13) 1.14e—5 (1.00e—13) 3.82e—5(2.00e—13) 7.80e—6 (2.00e—13) 3.95¢—6 (1.00e—13)
1.925 2.22¢—5(1.17e—4) 1.450—5(1.00c—13) 4.70e—6(1.00c—13) 2.4de—5(1.00c—13) 4.70e—6(1.00e—13) 3.24e—6 (1.00e—13)
2.100 1.63e—5(8.93e—5)  7.82e—6 (1.00e—13) 1.95e—6(1.00e—13) 1.51e—5(1.00e—13) 3.88e—6 (1.00e—13) 6.27e—6 (1.00e—13)
2.275 1.10e—5 (6.14e—5)  2.91e—6(1.00e—13) 1.21e—6(1.00e—13) 8.85e—6 (2.00e—13) 2.33e—6(2.00e—13) 1.19e—6 (1.00e—13)
2.450 6.81e—6 (3.66e—5) 1.99e—6 (1.00e—13) 1.03e—6 (1.00e—13) 4.75e—6 (4.00e—13) 2.45e—6 (1.00e—13) 1.35e—6 (2.00e—13)
2.625 3.85e—6(1.98¢—5) 1.89e—6 (1.00e—13) 8.47e—7(1.00e—13) 2.37e—6(1.00e—13) 2.68e—6 (1.00e—13) 1.68e—6 (2.00e—13)
2.800 1.82¢—6(1.03c—5) 1.89e—6 (1.00c—13) 7.37¢—7(1.00e—13) 1.54e—6(1.00e—13) 2.33¢—6(2.00e—13) 2.11e—6(2.00c—13)
2.975 4.78¢—7(5.59¢—9) 1.86e— 6(1 20e—13)  8.26e—7 (1.00e—13) 1.32e— 6(5 00e—13) 2.96e—7 (2.00e—13) 4.44e—5(2.00e—13)
3.150 1.60e—7 (2.68c—8)  1.89e—6 (1.00e—13) 9.04e—7(1.00e—13) 1.13e—6(2.00e—13) 1.71e—7(1.00e—13) 1.99e—5 (4.00c—13)
3.325 7.99e—8(7.93e—9)  1.92e—6 (1.00e—13) 1.55e—7(T) 1.03e—6(2.00e—13)  2.14e—7 (2.00e—13) 9.44e—6 (1.00e—13)
3.500 3.92e—8(4.10c—9) 1.850—6(1.00c—13) 1.01e—6(1.00c—13) 9.46e—7 (1.00c—13) 2.61e—7(2.00e—13) 3.69e—6 (3.00c—13)

Table 5: Energy errors of HCI versus the number of qubits.
8 qubits (10 qubits)

Bond length (A) CS-VQE Gs CS-QSE E, CS-QSE Ey CS-QSE E, CS-QSE E; CS-QSE E,
0.700 1.57e—5(1.04e—5) 1.57e—5(1.04e—5) 8.17e—6(8.17e—6) 3.60e—5(3.37e—5) 2.32e—5(2.25e—5) 5.04e—5 (4.39¢—5)
0.875 1.14e— 5(8 T7e—6) 1.14e—5(8.77e—6) 7.27e—6(7.27c—6) 2.09e— (2 03e—5) 1.86e—5(1.81e—5) 3.5le—5 (3.45¢—5)
1.050 8.05e—6 (5.74e—6)  8.07e—6 (5.74e—6)  5.60e—6 (5.60e—6) 1.08e—5 (1.05e—5) 1.39e—5(1.36e—5) 2.26e—5 (2.27e—5)
1.225 5.08e—6(3.43e—6)  5.09e—6 (3.43e—6) 3.44e—6 (3.44e—6) 5.66e—6 (5.58e—6) 1.05e—5 (1.03e—5) 1.43e—5 (1.43e—5)
1.400 2.930—6(2.20e—6)  2.93e—6 (2.20e—6) 1.95¢—6 (1.95¢—6) 3.02e—6 (2.93c—6) 7.63c—6 (7.45¢—6) 5.090—6 (4.64e— 6)
1575 1.73e—6 (1.76e—6) 1.73e—6 (1.76e—6) 1.12e—6 (1.12e—6) 3.25e—6(3.09e—6) 5.18e—6 (5.03e—6) 4.25e—6 (4.11e—6)
1.750 1.01e—6 (1.48e—6) 1.01e—6(1.48e—6) 6.37e—7 (6.35e—7) 4.61e—6(4.35e—6) 4.03e—6 (3.90e—6) 4.40e—6 (4.26e—6)
1.925 6.00c—7 (1.2de—6)  5.99e—7 (1.2de—6)  3.66e—7 (3.65c—7) 6.01e—6 (5.57e—6) 3.45¢—6(3.34e—6)  5.24e—6 (5.04c—6)
2.100 3.68c—7(1.00e—6) 3.67e—7 (1.00e—6) 2.16e—7 (2.16e—7) 7.00e—6 (6.25¢—6) 3.12¢—6(3.02¢—6)  5.86e—6 (5.61c—6)
2.275 2.52e—7(7.53e—7) 2.52e—7(7.53e—7) 1.42e—7(1.42e—7) 7.67e—6(6.57e—6) 3.00e—6(2.90e—6) 6.30e—6 (6.00e—6)
2.450 1.93¢—7(5.16e—7) 1.93¢—7(5.16e—7) 1.04e—7(1.04e—7) 7.97c—6(6.51e—6) 2.99¢—6(2.90c—6) 6.56e—6 (6.26c—6)
2.625 1.56e—7(3.22e—7) 1.56e—7(3.22¢—7) 7.96e—8 (7.96e—8) 7.83¢—6(6.05c—6) 3.04e—6(2.96¢—6) 6.74e—G (6.46c—6)
2.800 1.33¢—7(2.07e—7) 1.32e—7(2.06e—7) 6.46e—8 (6.45¢—8) 7.30e—6 (5.32¢—6) 3.14e—6(3.07c—6)  6.74e—6 (6.49c—6)
2.975 1.20e—7 (1.26e—7) 1.20e—7(1.26e—7) 5.52¢—8 (5.51e—8) 6.43¢—6 (4.48¢—6) 3.32¢—6(3.25¢—6)  6.33¢—6 (6.12c—6)
3.150 1.15e—7(1.0le—7) 1.15e—7(1.0le—7) 4.91e—8(4.91e—8) 5.28¢—6(3.34e—6) 3.57c—6(3.51e—6) 5.23¢—6 (5.03c—6)
3.325 1.16e—7 (9.64e—8) 1.16e—7(9.64e—8) 4.46e—8 (4.46¢—8) 3.91e—6(2.07e—6) 3.93¢—6(3.87c—6) 3.96¢—6 (3.78¢—6)
3.500 1.19e—7(9.77e—8) 1.19e—7(9.77c—8) 4.14e—8(4.13e—8) 2.43e—6(7.33e—7) 4.42e—6 (4.36e—6) 2.92e—6 (2.75¢—6)

4.2 Performance and Resource Effi-
ciency Analysis

In the traditional QSE, the measurement cost for

constructing subspace matrices is typically dictated

by an O(N®) scaling, stemming from the O(N%)
growth of the excitation operator pool. This frame-

work achieves a significant efficiency gain through a
dual compression mechanism: First, it integrates Zo
symmetry tapering with the CS-VQE to reduce the
effective simulation space from N qubits to a com-
pact u-qubit manifold; Second, a projection mapping
7 is introduced to automatically filter out excitation
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terms that violate stabilizer-sector constraints.

Figs. B and B quantify the reduction in the
excitation-operator pool induced by the tapering and
contextual-subspace projection. As shown in Fig. B,
the full excitation-operator pool O,y contains 10% —
10° Pauli terms (e.g., 10,903 for LiH/HF, 20,854 for
H,0, and 92,171 for HCl), whereas symmetry ta-
pering reduces the raw excitation pool to 730 Pauli
strings for LiH/HF, 1,541 for H5O, and 11,723 for
HCL. Applying 7 further prunes the pool substan-
tially: for LiH the projected pool contains only 12,
40, 148, 203, and 279 Pauli strings at u = 2 — 6, and
reaches the tapered-pool limit (730) only when uu
coincides with the number of tapered qubits; Similar
trends hold for HF (12, 40, 64, 108, 279 at u = 2 —6)
and for the larger systems, where the size of the pro-
jected pool increases with u but remains far below the
tapered pool across the compact subspaces (e.g., 748
at u = 8 for H,O and 1,641 at u = 10 for HCI1). More-
over, Fig. B shows that the number of Pauli strings
retained after applying 7}, remains nearly unchanged
along the bond-length scan when w is fixed, indicat-
ing that the stabilizer-sector constraints largely fix
which Pauli components are retained by the projec-
tion, with nuclear-geometry changes reflected mainly
in their coefficients.

These reductions imply that the projected excita-
tion operators act entirely within the chosen stabilizer
sector. In practice, we select u according to the min-
imum contextual register size that achieves chemical
precision in Fig. B, and use the corresponding pro-
jected pool size Nops as the effective operator budget
for QSE.

As illustrated in Fig. B, the minimal simulation
qubits (ugim) required to reach this precision thresh-
old for LiH, HF, H,O, and HCI are 4, 6, 8, and 6, re-
spectively. Correlating these results with Table B, the
combination of qubit-tapering and contextual projec-
tion leads to a substantial reduction in the operator
pool size across all considered systems.

The LiH operator pool, originally comprising
10,903 terms, is pared down to 730 via qubit-tapering
and further distilled to 148 effective operators (Nops)
via CS projection, marking a significant 98.6% re-
duction in total operator count. This compression
efficiency extends to HF and H5O, where the op-
erator pool sizes are pruned down to 279 and 748
terms, yielding substantial reduction rates of 97.4%
and 96.4%, respectively.

The efficacy of this framework is most striking for
HCI, where a massive 92,171 terms are compressed to
a mere 279, corresponding to an aggregate reduction
of 99.7%. This sparsity directly alleviates the mea-
surement overhead dictated by O(N2., - Ny ) scaling

ops
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Table 6: Molecular resource thresholds and operator re-
duction statistics.

Molecule ugim Nops Ofunl O;Zﬁer Res (%) Riotal (%)
LiH 4 148 10,903 730 79.7 98.6
HF 6 279 10,903 730 61.8 97.4
H20 8 748 20,854 1,541 51.5 96.4
HCl 6 279 92,171 11,723 97.6 99.7

Note: ugim denotes the minimum simulation qubits required

to reach the chemical-precision threshold. Og,); and Oziﬁer

are pool sizes before and after qubit-tapering. Rcs is the

reduction from CS-projection (O;jﬁer — Nops), and Ryotal is

the cumulative reduction (Ofy11 — Nops)-

before measurement grouping, and improves the fea-
sibility of implementing such workflows on resource-
constrained NISQ devices.

Compared to the standard CS-VQD algorithm,
the CS-QSE facilitates higher parallel scalability and
numerical resilience, addressing key bottlenecks in
excited-state simulations. The CS-VQD relies on a
serial optimization protocol involving k successive
variational searches to access k states, leading to a
linear scaling of measurement complexity and often
necessitating a 2n-qubit register.

In contrast, the CS-QSE requires only a single
optimization run. By performing subspace diago-
nalization within the original n-qubit register, it si-
multaneously extracts the low-lying spectrum (e.g.,
Eq ~ E4). This linear subspace architecture pre-
cludes cumulative error propagation, facilitating a
more robust representation of physical correlations
across the energy spectrum.

The results in Table @ demonstrate that the CS-
QSE consistently achieves high-fidelity excited-state
energies for all molecular systems studied. For the
HCI system, the first excited-state error remains as
low as 1.94 x 10~® Ha. Despite the drastic sparsifica-
tion of the operator pool, this result is consistent with
CS-VQD benchmarks. Notably, the second excited-
state error (FEy) is held to 7.41 x 1075 Ha, attained
concurrently without the need for state-specific opti-
mization. These results demonstrate that the pruned
operator space retains the necessary many-body cor-
relations to support high-precision excited-state sim-
ulations.

For LiH, the CS-QSE achieves an FEs error of
1.16 x 10~3 Ha, on par with the 1.11 x 102 Ha pre-
cision of the CS-VQD, while obviating the three suc-
cessive optimization runs required by the latter. For
the more complex HF and H5O systems, the parallel
extraction scheme attains accuracies of 8.71 x 107°
Ha and 1.36 x 10~* Ha, respectively.

The N,ps scaling demonstrates that the CS-QSE
effectively offloads the computational burden from
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Figure 5: Scaling of Pauli operator cardinality with qubit count.
Table 7: Comparison between the CS-VQD and the proposed CS-QSE framework.

Metric Type Item / Molecule CS-vQD CS-QSE
Qubits Required 2n (with ancilla) n (Direct)
VQE Optimization k times (Serial) 1 time

Algorithm Resources

Complexity Scaling

O(kNH) O(ngs'NH)

Numerical Stability Sequence error risk Linear subspace

LiH (u = 4) 6.76 x 1074 6.59 x 10—4
HF (u = 6) 1.94 x 1072 1.94 x 1072

A Ei E
ceuracy (B Error) H20 (u = 8) 1.05 x 104 1.02 x 10—4
HCI (u = 6) 1.94 x 107° 1.94 x 107°
LiH 1.11 x 1073 1.16 x 1073
) HF - 8.71 x 1075
High-state (F2 Error) H,0 B 1.36 x 10-4
HCl - 7.41 x 1075

Note: Energy error values are in Hartree. Nyps denotes the number of effective excitation operators in the projected pool, Ng

represents the number of Pauli terms in the Hamiltonian, and k is the number of targeted states.

that are not performed.

quantum hardware to classical eigensolvers. By lever-
aging linear subspace diagonalization, the framework
obviates the convergence instabilities endemic to CS-
VQD, ensuring numerical robustness and physical
self-consistency even under a significantly reduced
measurement budget. The aforementioned opera-
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indicates calculations

tor pool reduction is paralleled by a contraction of
the Hamiltonian Pauli one-norm, ||H|; = > a lwal.
The contextual-subspace projection 7} reduces the
observed Hamiltonian Pauli one-norm through two
mechanisms: the projector P, exactly annihilates any
terms in H that anticommute with the chosen sta-
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Figure 6: Scaling of Pauli string counts for excitation operators along bond-length scan.

Table 8: Variation of the total Hamiltonian Pauli 1-norm.

|Hcs|l1 (Ha) for u qubits in the contextual subspace

Molecule [|H|1 ||Htaper|l1 u=4 u=5 u=6 u="7 u=8 u=9 u=10
LiH 16.47 16.12 10.03 11.10 14.27 1445 16.12 - -
HF 138.87 137.87 103.77 113.54 118.26 125.77 137.87 - -
H20 118.42 117.80 79.38 81.12 84.33 91.25 97.17 105.31 117.80
HCI 607.98 607.98 458.32 464.43 466.67 474.39 476.87 484.49 494.48

w_»

Note: All values are in Hartree.

indicates that the contextual-subspace size exceeds the tapered register size for that

molecule, in which case CS projection is not applied. |H||1, ||Htaper|l1, and ||Hcs|l1 denote the Pauli 1-norms of the original
full Hamiltonian, the Hamiltonian after qubit tapering, and the Hamiltonian after contextual-subspace projection,
respectively. u is the number of the qubit in the contextual subspace.

bilizers, and surviving Pauli operators that map to
identical reduced Pauli strings are algebraically com-
bined, which can produce coefficient cancellation and
thereby lower the resulting Pauli one-norm. As shown
in Table B, |[Hcg|); is notably reduced compared to
|H|; for the systems studied here. This reduction
lowers a conservative shot-noise bound for Hamilto-
nian energy estimation; under an optimal allocation
weighted by |w,|, the variance of the energy estimator
satisfies Var(E) < ||H||?/Nsnots [39, B9]. Thus, the
lower Pauli one-norm implies a meaningful decrease
in the theoretical upper bound of the shot count re-
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quired for Hamiltonian expectation-value estimation
at a target accuracy. However, the CS-QSE sampling
cost also depends on the number, grouping, and con-
ditioning of the QSE matrix-element observables, as
assessed in Fig. @ and Appendix A.

5 Conclusion

A resource-efficient framework for molecular excited-
state calculations is developed by integrating the CS
method with the QSE. Through a unified algebraic



mapping, the excitation operator pool is projected
into the same contextual subspace as the reduced
Hamiltonian. This structural alignment circumvents
the exponential basis scaling inherent in the tradi-
tional QSE, enabling the simulation of complex sys-
tems under a restricted quantum resource budget.

It is demonstrated that this unified scheme cur-
tails the effective operator count by an order of mag-
nitude while maintaining errors within the targeted
tolerance relative to the exact FCI baseline. Specifi-
cally, the generalized eigenvalue problem formulated
within the reduced subspace affords a refined linear-
response correction to the ground state, while resolv-
ing the low-lying excited-state manifold to within the
chemical-precision threshold.

While hardware noise remains a pertinent chal-
lenge in the NISQ era, future developments will fo-
cus on enhancing the robustness of the algorithm
by reasonable hardware-adaptive optimizations. We
anticipate that the synergy between this framework
and some advanced error mitigation techniques such
as Pauli grouping, classical shadows, and Zero-Noise
Extrapolation will provide a scalable and practical
pathway for high-precision quantum chemistry simu-
lations on the near-term quantum devices.
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Appendix

A. Finite-Shot Benchmarks and Energy
Errors

To assess the practical measurement cost of the
ground- and excited-state calculations, we use CS-
VQE to obtain the ground-state reference and com-
pare CS-VQD with CS-QSE for the low-lying excited
states of LiH in the STO-3G basis at bond length
1.57473 A. We use u = 4 and v = 6 as the number of
qubits retained in the contextual correction and com-
pare how the finite-shot energy error changes with the
total measurement cost.

In the finite-shot benchmarks, the ansatz param-
eters are fixed at the optima obtained from noise-
less statevector simulations, and shot-based sampling
is used only to estimate the post-optimization en-
ergies. For CS-VQE and CS-VQD, finite-shot sam-
pling is used to estimate the Hamiltonian expecta-
tion value of the optimized ansatz state. In CS-VQD,
the k-th excited state is obtained by minimizing a
modified variational cost function that augments the
Hamiltonian expectation value with penalty terms
proportional to the overlaps with the previously ob-
tained lower-energy states. Consequently, a finite-
shot implementation of CS-VQD requires sampling
both the Hamiltonian expectation value and the over-
lap terms entering these deflation penalties. For CS-
QSE, finite-shot sampling is used to estimate the
projected Hamiltonian and the QSE metric matrix
defined in Eq. P0. Solving the corresponding gen-
eralized eigenvalue problem yields all low-lying QSE
eigenvalues from the same sampled matrices. There-
fore, the QSE measurement budget is shared across
the ground, first excited, and second excited states
reported in Fig. .

For each shot count, we use R = 20 independent
repeats to estimate the mean absolute error and its
statistical uncertainty, and the horizontal-axis cost in
Fig. @ includes all measurements from these repeats.
The shot counts are varied over 500, 1000, 1500, 2000,
3000, 4000, 5000, 7000, 10000, 20000, 50000, 100000,
and 200000.

For each observable or matrix element to be sam-
pled, the corresponding Pauli terms are partitioned



into mutually qubit-wise commuting (QWC) sets. In
practice, we construct this partition by coloring the
QWC-incompatibility graph, whose vertices are Pauli
terms and whose edges connect pairs of terms that
are not QWC. Each color class defines one tensor-
product-basis measurement setting, allowing all Pauli
terms in that class to be estimated from the same
shot data after the appropriate single-qubit basis ro-
tations.

For each independent repeat, the measurement cost
is defined as

Nrepeat — Ns

meas hOtSGQWC7 (23)

where Gqwc is the number of qubit-wise commut-
ing measurement groups. The horizontal-axis cost in
Fig. @ is the repeat-aggregated cost used to estimate
the plotted mean error and error bar.

For the LiH data in Fig. @, the CS-VQE ground-
state Hamiltonian sampling uses Gy (4) = 25 and
G (6) = 47 QWC groups. The CS-QSE global op-
erator pool uses Gqgg(4) = 49 and Ggsg(6) = 721
QWC groups. For CS-VQD, the first excited state
uses GS&D(ZL) = 26 and G&,%D(6) = 48, while the sec-

ond excited state uses Gg%D(ZL) = 27 and GQ%D (6)
49. These CS-VQD effective group counts include the
additional overlap measurements required by the de-
flation penalty terms.

This QWC partition reduces the number of dis-
tinct measurement settings, but it does not change
the Pauli 1-norm that controls the shot-noise scal-
ing [49, 60]. For an observable O = 3", ¢t Py, the
standard finite-shot scaling [39] is expressed as

) c N0 =) " lenl (24)
k

The energy error in Fig. @ is measured relative to
the corresponding FCI reference energy. The dotted
gray guide line indicates the ideal shot-noise scal-
ing proportional to N,;ela/f and is anchored at the
first data point. The horizontal gray dash-dotted
line marks chemical precision, 1.6 x 1073 Ha. The
results show that CS-QSE can obtain multiple low-
lying eigenstates from one shared matrix-element
sampling budget. In contrast, CS-VQD evaluates ex-
cited states sequentially and requires additional over-
lap measurements for the deflation penalties.

O|?
Nshots = O<| 2”1
€

B. Numerical Experiments with the 6-
31G Basis Set

To further assess the robustness of the proposed ap-
proach, we performed additional numerical experi-
ments on LiH with the 6-31G basis set. In this case,
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Figure 7: Energy-error scaling of CS-QSE and CS-VQD
versus total measurement cost for the (a) ground state,
(b) the first excited state, and (c) the second excited state
within the symmetry sector of LiH.

the full electronic Hamiltonian acts on 22 qubits, and
qubit tapering reduces the problem to 19 qubits. The
excitation pool contains 136,998 Pauli terms after
Jordan—Wigner mapping; reaching the targeted pre-
cision relative to the FCI baseline requires retaining
only 7,029 of these after contextual-subspace projec-
tion, i.e., about 5.1% of the original pool. Compared
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Figure 8: Energy error scaling of the CS-VQE and CS-
QSE for LiH using a UCCSD ansatz as a function of the
number of qubits.

with the STO-3G calculations, the compression in
the 6-31G basis is less aggressive, reflecting the much
larger excitation space.

Figure B reports the energy error of CS-VQE and
CS-QSE as a function of the number of qubits re-
tained after contextual-subspace compression. For
the ground state, CS-QSE (Ey) reaches the chemical-
precision threshold at N = 8, indicating that QSE
post-processing effectively recovers the correlation
energy lost during contextual-subspace compression.
For the low-lying excited states, CS-QSE (E;) and
CS-QSE (E5) reach this same threshold at N = 16,
showing that the same strategy remains effective for
excited-state calculations in a larger basis set. These
results indicate that qubit tapering alone provides
only a limited reduction in qubit count, since it is con-
strained by the underlying symmetries of the Hamil-
tonian.

By contrast, the combined contextual-subspace
and QSE procedure yields a substantially stronger
reduction while maintaining the chemical-precision
threshold. As the basis set grows, the excitation
space expands rapidly and the compression ratio be-
comes smaller than in the STO-3G case, making QSE
post-processing increasingly important for maintain-
ing accuracy under stronger compression. Overall,
the LiH/6-31G results indicate that the proposed CS-
QSE framework remains effective beyond the minimal
basis for this test case.
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